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ABSTRACT.   This paper examines the possibility of extending the Sobolev

Imbedding Theorem to certain classes of domains which fail to have the "cone

property" normally required for that theorem.  It is shown that no extension is

possible for certain types of domains (e.g. those with exponentially sharp cusps

or which are unbounded and have finite volume), while extensions are obtained

for other types (domains with less sharp cusps).  These results are developed

via certain integral inequalities which generalize inequalities due to Hardy and

to Sobolev, and are of some interest in their own right.

The paper is divided into two parts. Part I establishes the integral in-

equalities; Part II deals with extensions of the imbedding theorem. Further

introductory information may be found in the first section of each part.

PART I. INTEGRAL INEQUALITIES

1.1 Introduction.  The inequalities developed in this section generalize cer-

tain well-known integral inequalities of G. H. Hardy and S. L. Sobolev and con-

cern estimates for weighted   L?-norms, uniform norms and Holder norms for con-

tinuously differentiable functions defined on open intervals, cones or balls in

terms of weighted L^-norms of the function and its first derivatives.  The in-

equalities will be used in Part II to prove imbedding theorems for (unweighted)

Sobolev spaces defined over irregular domains.

The one-dimensional case is treated in §1.2,  and the results obtained ex-

tended to (rz + l)-dimensional Euclidean space  E     ,   in the remaining sections,

§1.3 dealing with bounds for weighted   L   -norms, and §1.4 with pointwise bounds

and Holder conditions.

Functions  u  may be assumed complex-valued in general.  We shall not be

concerned with the problem of finding the best constants for our inequalities.

1.2 The one-dimensional case.   Throughout this section we consider functions

u continuously differentiable on an open interval (0, T) for fixed  T > 0.  In each

inequality studied it may be assumed that the right-hand side is finite.
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402 R. A. ADAMS

1.2.1 Lemma.  If 8 >l  and a > 0  then

il) (T\uit)\Sta-Xdt <^±i \''\«U)\Stadt + — (T\uit)\S-X\u'it)\tadt.
J 0 -    af  J o a JO '

Proof.   It is sufficient to prove (1) for  5=1.   Integration by parts yields

Transposition and estimation of the term on the right gives

afTo \uit)\ta~ Xdt<~- Jl \uit)\tadt + 2 fTQ \u'it)\tadt

desired result.

1.2.2 Theorem.   // p > 1 and a> p - 1   then

Proof.  Taking S = p and replacing  a by  a— p + 1   in (1), and then using

Holder's inequality, we obtain

jTo\uit)\"ta-Pdt

a+2-P     CT\..IA\PA-PAj, , 2P
(atl-P,r/o,"(',1V"'*,J't^fr7/.T'«('"'-,'"'(""a-p"

|ififc{iri-.)i».-»*},-"*{/:(j^i * i^v*}1*

c/7

{/.Ti-)i"-* F^^^^^wM'
whence the inequality (2).

Remark.  If t   puit) belongs to  Lpi0, oo) then letting T —> oo in (2) we obtain

H \uit)\fta-pdt < const J~ \u'it)\ptadt.

This resembles the classical Hardy inequality (e.g. see Zygmund [14, p. 20]),

which is usually proved for a < p — 1   and functions  u  such that  zz(/) —> 0 as

/ —> 0 +, though it also known for a> p — 1   if uit) —> 0 as  / —> oo. Generaliza-

tion of Hardy's inequality to finite intervals usually involves boundary conditions

on the function  u at one or another of the endpoints but   (2) above replaces such
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boundary restrictions by the requirement that jQ \uit)\pt   dt be included on the

right-hand side.

1.2.3   Lemma.   If 8 >1  and a > 0  we have the following pair of inequalities:

(3) sup    \uit)\*<- fT\uit)\Sdt + 8 fTQ   \uit)\S-l\u'it)\dt,SI

o<«r j J 0

(4) sup   \uit)\*ta<?ALlr\uit)\htadt + 38 Tluit^-^uAA^dt.

Proof.  Again we need only establish the inequalities for the case  8=1.  If

0 < z < T/2  we obtain by integration by parts

ÇT/2  I     /
" [t

0       V
T

dr = I\uit)\-  f
2 J

7/2    a"
0       r¿r" •(«♦j-') tir

whence |zz(z)| < (2/7)/^ \uio)\ do + J¿ \u'io)\ do. For T/2 <t<T the same in-

equality follows partial integration of the integral fQ' \uit + T - T/2)\ dr. This

proves (3).

Replacing  uit) by  uit)t     in (3) (with 5=1)  we obtain

s

0<z<7

up    |a(/)|/a   <-- ¡I \uit)\tadt + fTo  [\u'ít)\ta + a^iùlt«-1] dt

fTo\uit)\tadt+fTo   \uit)\tadt

teiir \uít)\tadt+i r \u'it)\tadA
[ aT  J ° a J 0   ' '        f

T

+ a ■

where Lemma 1.2.1 has been used to get the last inequality.  This is the desired

result for 8 = 1.

1.2.4 Theorem.  // p > 1  and a> p - 1   there exists a constant  K depending

only on  o, and p such that

0) {n^^^tt^wm-y*}
Up

where y = (a + l)p/(a + 1 - p).

Proof.  In this proof the symbols  K . denote various constants depending on

a and p. We have from Lemma 1.2.3
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sup    \uit)\*ta+1-p<Kí ¡To   luitV-1^--^ + \u'it)n\ta + 1-pdt

where Theorem 1.2.2  has been used in obtaining the last inequality.  Since  y - p

= p /(a + 1 - p) we have

F |a(/)|7/a¿/<   sup    l\uit)\y-ptp]  F \uit)\pta-pdt
0<t<T J °

-Trl«(í)|f        ,   „,J   a.   _\(«A)/(*A-P)
rpP

once again by Theorem 1.2.2.  This is the desired result.

Corollary.  // p > 1  arza" a> p - 1, an^ z'/ 0 < s < p,   then there exists a con-

stant  K    depending on  a and p such that

where X = (a + 1 - s)p/(a + 1 - p).

Proof.  Clearly p < X < y. Set  a = (y - p)/(A - p), q   = (y - p)/(y - A). Then

1/cj + l/q   = 1   and we have by Holder's inequality

jTQ   |a(z)|V-*a-/<{j^ |a(/)|r/aa-/j-1/<?|joT \u(t)\pta-p dt }   '

whence (6) follows from (5) and (2).

We conclude this section with brief consideration of the case  <x< p — 1.

1.2.5   Lemma.  // p > 1  anda<p-l   then

(7)    sup \uiu\p<\^tz2np-\p-^ rrifW + |aWy^
o<z<r "b-a-lj J° L    Tp J

Proof.  For 0 < /,   r <T we have  u(t) - u(r) =j'Tu'(cj)do from which
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|a(r)| < |a(7")| + f0 I a (o")| do.  Integtation of r over (0, T) and application of

Hô'lder's inequality in case   p > 1   yields

T\uit)\ < jTQ   \uir)\ dr+T /[ \u'ia)\ do

< t{7- j; [ä- ,.'(rt,.] .**}"*{£ .-•*-"* r"/P

from which (7) follows.  If  z> = 1,  (7) follows from the first inequality above.

Remarks.   1.  For a < p - 1  and  T < °° (5) holds for  1 < y < <*>.

2.  Under the assumptions of Lemma 1.2.5 it can be shown further that

(8) sup     Ia(t)-"(r)| < const i r |"Ä + |„Wl r-*}l/#

where /i = 1 - (a+ l)/p.  We defer the proof of this inequality as it is similar to,

and a special case of, that of Theorem 1.4.3 below.

1.3 The multi-dimensional case— Lp estimates.  In this section x= (x,,..-,

x     ,) will denote a point in (rz + l)-dimensional Euclidean space  E     j in > 1),

and we shall use the spherical polar coordinate representation x = (p, cp., cp ,

• • • , cp  ) = (p, cp) where  p > 0, - 77 < cp. < n, 0 < <tS   , • ■ • , cp    <rt, and

x. = p sin <£, sin t^i), • ■ ■ sin cp ,

x2 = p cos cp. sin cp2 • • • sin cp ,

x, = p cos cp    • • • sin r/>   >

x     , = p cos cp  .72 + 1 r ^72

The volume element is  dx = dx^ dx2 • • • dx     ,   = p"II"_.  sin'~    qS.dpdcp where

dcp = dcp.   ••• dcp  .

We introduce functions  r, = r.ix),  1 < k <n + I,  as follows:

77

7-j(x) = p|sin <^j I  II sin cp .,

7=2 '

72

il~* rkix) = p  YJ sin cp .,       k = 2, 3, •••,«,
,-a*

7-     ,(x) = p.77 + I r

For  1 < k <n,  r Ax) is the distance from x to the coordinate (hyper-) plane
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spanned by the axes  x,   ,,•••, x     ,, while  r     ,(x) is just the distance from x
r J k + i 77 + 1 ' 77 + 1 '

to the origin.  In connection with the use of product symbols of the form  P =

nm_i, P -, be it agreed hereafter that  P = 1   if m < k.
J —K. J

Throughout this section A  shall denote an open, conical domain in F     .

specified in polar coordinates by the inequalities

(2) 0<p<a,       - ßx < tpx < ßx,       0<c6</3y,       / = 2,3,---,«,

where  0 < ß   < tt.  (The inequalities "<" are replaced by ' '<' '  for any  ß . = n.  If

all ß . = n then the first inequality is replaced by  0 < p < a.)

In the lemmas and theorems that follow it is always assumed that the functions

u considered belong to  C  (fl) (i.e. are continuously differentiable on fl)  and that

the right-hand sides of the stated inequalities are finite.  The constants   K, Q, K .,

Q ., K  ,Q    etc.  occurring in the statements and proofs may depend on  O-, p, n, ß .,

and  8 but not on a or  u.

Our first result generalizes Lemma 1.2.1.

1.3.1   Lemma.   Let 8 > 1.  Suppose that either m = k = 1   or 2 < m <n + 1,

1 < k < n + 1,  arza" suppose also that  a. > 1 - k.   Then

(3)        f   \U(X)\S ll^       dx < K     ,     r\u(x)\h-l\\^^+\Vu(X)\\lr,(x)]adx.
JQ r   (x) -    rn.k   jn< a J    k

772

Proof.  We assume  8 - 1 ;   it is clearly sufficient to prove (3) for this case.

Write  Q = fi+ U Í2_   where fi+ consists of those points of Ü for which cf>x > 0.

We shall actually prove (3) for fi+ (which, however, we shall continue to call ii).

A similar proof holds for £2_   and hence (3) holds for the given fl.  Accordingly,

assume  fl = fl+.  For  k < m we may write (3) in the form

k— 1 777—  1 7/

Jo>l   u   sin'-1./.,   fl   sin^-1^. u   sin^-^.p^-'aWçS
7=1 j=k j=m

< Km,k L [^T + M    n   sin-1 6i fl sin'1-1 cfj.p^dpdcb.
L -I     7 = 1 /=*

(4)

For k > m > 2  (3) has the form

m— 1 k— 1 n

\u\   Il   sin7-1 <p.   u  sin7"2 cp. u sina+;-2 <p . pa+"" l dp dcpL ;  :— J     , J
= 1 ¡-m ]-ti

(5)

<Kmk IB[M+ |VW|1   fl   sin-1 cp; ft sin^'-1 cf>j pa+" dp dcp.
L J   7=1 j=k



SOME INTEGRAL INEQUALITIES 407

By virtue of the restrictions placed on a, rzz, and k in the statement of the lemma,

(4) and (5) are both special cases of

Jq kl  ñ si/'' <p. ft sh/'"1 <bj p^"-1 dp dcp
7=1 jai

(6)
< K jQ [M+ |V«<||  Il sin"' <p. pa+ndpdcp

L J y=i

where  1 < i < n + 1  and p. > 0, p. > 0 if /' > z.  We prove (6) by backwards in-

duction on  i.   For  z = tz + 1, (6) is obtained by applying Lemma 1.2.1 to u con-

sidered as a function of p and then integrating the remaining variables with the

appropriate weights.  Assume therefore that (6) has been proved for i = I + 1 where

1 < / < tz.   If ß. < 77 we have

(7) sin <^.;<0,< KjSin <p;,        if 0 < rp/ < ßr

Then by Lemma 1.2.1, and since  \du/dcp[\ < p II"_/+1 sin <p . |W|, we have

/Hl p,-i CMl /^r-1
Ql\u\sinl       V^Jo   W*/        ̂ /

(8) < K2 fol [|B| + |V«|p    ft   sin <p/j ̂¿0,

r5/ r " 1     p-
< ̂ 3 J 0      |«| + lV"lp    II    sin q>.\ sin  ' <p¡dcPl.

L y='+i J

If ßl = 77 we obtain (8) by writing J~q = /J'   + J^-  and using, in place of (7), the

inequalities

sin cp. < cp. < X. sin ó,, if 0 < cp, < rr/2,
(!') l-l-i I -    I-   ■

sin cp ! < 77 - cpj < K. sin cp.,    if 77/2 <_</->, < 77.

We now have, using (8) and the induction hypothesis,

/0 l«l   IT sla^ep. IT su/*»~    <p. pa+n- l dp dcp
y=i /=/

</>a+"_1*n  J^'sin^/*,.    fl J^sin^'^^.^'lalsin^V,^
7 = 1 ;'=/+!

<K3 JB|VB| II sinß'cPjPa+"dpdcp
7 = 1

/

+ K,    f  i"l IÎ sinM;' 0.   fl    sin^''1 cP.pa+n-1 dp dcp
Q Z=l '   7=/+l '

< X /0[hl + |V„|1   fl  sinM' 0; pa+"dpdcp.
L J    ; = 1
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This completes the induction establishing (6) and hence the lemma.

We now state without proof a special case, suitable for our purposes, of a

well-known combinatorial lemma which is central to one of the standard proofs of

the Sobolev Imbedding Theorem.  The proof of this lemma may be found in

Gagliardo [4, p. 117], or Clark [3].

1.3.2 Lemma.  Let fl  be a domain in  E     ,  and let A ., / = 1, 2, • • •, n + 1,

be the projection of fl  onto the n-dimensional coordinate hyperplane orthogonal

to the jth coordinate axis in  E     ,.   Let  F (<f., • ■ • , cf     A  be independent of the

coordinate cf. and suppose  F   e L"(fl .).   Then

|/B niF/ai^|%n/0yiF/ai»^

where d¿j} = d¿sx •■■ dÇ._ ^j + 1 • • • d^.

1.3.3 Theorem.   If p >l, 1 < k <n + 1,  and a> max (I - k, p - n - l)  then

(9) ija\u(x)\ylrk(x)]adx}1 J <QÍj   \--~+ \Vuix)\»~\[rkix)]adx\l '

where y = (a + n + l)p/(a+ n + 1 - p).

Proof.  Let 8 = (a +- n)p/(a + n + I - p),  q = (a + «)/a, q   = (a + n)/n.  We

have, by Holder's inequality and Lemma 1.3.1 (case  m = k),

¡a\uix)\7lrkix)]adx

(10) <   {/jal^-^x^'l^lal'-1^/^-1^^}1^

^.{/^^-{i^lValjr^xl^^lal-1)^^1^^^

In order to estimate the second integral above we adopt the following notation:

p   = (rpj, <p2, . . . , cpj,

cp*= ip, cpx, ■ • • , cp., ■ ■ • , cf>),        j = 1, 2, • • ■ , n

where the symbol """   denotes omission of a component.  Set

fl0 = {p*: ip,p*) efl for 0 <p<a\,

fl . = {cp*: ip, cp) e fl  for 0 < <f>. < ßA,
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fi„  and il. ate domains in  E   .  We define functions   Fn = FAp ) and  F
0 ; 72 U 0  ' j

F {cp A as follows:
7  ^7

Fo(p*) = Fo(<p1,...,0n)

= {   sup    t|a|V+"]fl  sin^.ñ sin'"1.?)1 ",
lo</0<« , = /> ,=2 '

F.(0*) = F.(p, rpj, ...,i„ ...,<pn)
7       7 7

= J    sup       [larsin^-1 0.]pa+"-]
|0<<£.</3. '

72 7-1 72

17 sinaçS. Il sin'-1 <p.   17    sin'"2tpi
2=fc 2 = 2 2=7 + 1

Then we have

|K|(n + l)S/„r(„ + l)Vn    „ J] sin'"1 cp<Fn(p*) IT F.(0*).

2=2 ,=1

Applying Lemma 1.3.2 we obtain

i/„

f   \u\(" + l)S/"r[" + l)a/"dx

(11) <iaF0ip*)nF.(<f>*)dpdd>

- {ia0 [Fo(^"^ ft /o [F.(0;)]»rfp^.}

Now by Lemma 1.2.3, and since   |(9zz/f3p| < |Va|

sup  |a|spa+-<e2 r!„i8-'rM+|vJpa-7ip
o<p<a J o La J

whence it follows that

(12) fQo[F0iP*)]"dcP<Q2  /BW8-![^+|V.|]r;&.

Similarly, by making use of inequalities (7) or (7 ) as in Lemma 1.3.1 we obta

from Lemma 1.2.3

sup      |«|Ssina+/-1 ó   <0%  . f' I«!8-1!!«! + I—Il sinŒ+'"- X <f>.d<p.
o<* <ß »--3.1 Jo   '   ' \fy\\ ^i   vt.

<ß3.//0''l«|i-,[i«l + |Vii|p   ft     sintplsin^-1^^^.
L 2=7+1 J



410 R. A. ADAMS

since  \du/dó \ < p II"     . sin cá .  Heneei ,i  _ r      ,=7 + 1 ,

r iF.icb*)]ndpdcp.

(13) <-^,,L^^-x<d^^J^—dx
'/+i

where we have used Lemma 1.3.1 to obtain the last inequality. Substitution of

(12) and (13) into (11) and thence into (10) leads to

r „ ( r s    if" lui 1 \l/q + (n + l)/nq'

/,i.ir'>iß,{/.w,-,LJ7-*iv.ij7;&}

i/o) (a+77 + l)/(a+77)

Since (a+ «)/(a+. « + l) - (p - l)/p = 1/y the inequality (9) follows immediately.

Remarks.   1.  If a= 0 Theorem 1.3.3 is part of the Sobolev Imbedding Theorem

and as such is known to hold for domains fl C E     x  having the cone property.

(See §2.1.)

2.  If  I - k < a< p - n - I  then (9) holds for any y satisfying  1 < y < °o. It

is sufficient to prove this for large y.  If y > (a + rz + l)/(a+ n) then y =

i&+ n + l)q/ia+ n + 1 - q) tot some  q  satisfying  1 < q < p.   Thus

{J0WT'*'"}"'r-<fi•í.[J;Tt|V''1,]'^'

/p( r \(P-q)/p

which yields (9) since the last factor on the right is bounded.

3.  If <x = m, a positive integer, then Theorem 1.3.3 can be proved very

simply as follows.  Let y - (x, z) = (x,, ■ • • , x     ., z., • • • , z   ) denote a point

in  E     .        and define  u  (y) = uix) tot x in the domain  fl.  If fl   = iy e E     ,      :
77 + 1+777 ' J 77 + 1+777

y = ix, z), x £ fl, 0 < z . < rAx),   1 < j < m\ then fl    has the cone property in
7 K. —       —'

E     ,      ,  whence, by Sobolev's theorem, putting y = in + I + m)p/(n + L + m - p)
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" 8{/o p^ + i'«wi*l [rtwim&l "

since   |Vzz  (y)| = |Va(x)|,  u    being independent of z.

4.  If max (1 - k, p - 72 - 1) < 0.J < a< a2 < °o then the constant Q  in (9) can

be chosen so as to depend on a,   and a.   but not on a.  This can be seen by re-

viewing the effect of the constants in formulas (1) and (3) of §1.2 on the constant

K     ,   of (3) above, and finally on  Q.   This fact will be useful later.

Theorem 1.3.3 may be generalized in the direction of the corollary to Theorem

1.2.4 as follows.

1.3.4 Theorem.  Let p > 1, 1 < k < n + 1, and 0 < s < p.  Suppose that a>

max (1 — k + s — s/p,   p - n - l).   Then

(14)    |ja |a(x)|7^(x)]a-¿xl /7S <Q*H   [\H^L+ |V„(x)|^][rAU)]adx}1/

where y   = (a + 72 + 1 - s)p/ia + n + 1 - p).

The proof follows the same lines as that of Theorem 1.3.3 except that we take

8
(a + 72 - s)p + s (a + 77 - s)p + s ,      (a + 72 - s)p +

a + « + 1 - p ia- s)p + in + l)s nip - s)

and replace  a in the right-hand side of formula (10) by  ß = a - s +- s/p.   The de-

tails are left to the reader.

Of special intetest is the case  s = p,   namely

(15) fa \uix)\p{rkix)]a-»dx < Q*jQ p^LP + |V„U)|¿] [rk(x)]adx

which holds for a > p - k and generalizes Theorem 1.2.2.  If Ta'p £ Lpiilao) where

^tx. = Kf9' ^: 0 < p < 00, (a/2, 0) e Í21 then we obtain, letting a -. ■» in formula

(15),

(16) f     |z,(x)|"k(x)]a-Vx<0*  f     \Vuix)\p[rAx)]adx
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for  a> p - k,   a generalization of Hardy's inequality.

1.2.5 Example.  Let p > 1,  I < k <n + I  and suppose that  a>

max (l - k + s — is/p), p — n - l). Let  uix) = p~p and suppose y  > y .  It is

readily checked that

(17) jJ]^+|VB|¿] ,;*<..

only if  ß<ia.+ n+l- p)/p,  and also that

(18) fQU\y'rak-Sdx = ~

if /3>(a+rz+-l- s)/y . Since (a + rz + 1 - s)/y' < (a + n + 1 - />)//>. it is pos-

sible to choose ß so that (17) and (18) both hold. This example shows that the

exponent  y    in (14) (or  y in (9)) is the best possible.

1.4 The multi-dimensional case—boundedness and Holder continuity. We now

turn to the case  a> 0,  a+- n + 1 - p < 0.  It is convenient to deal directly with

domains  fl C E     .   more general than those considered in §1.3.  fl  is said to

have the "cone property" if there exists a finite cone   C (the intersection of an

open ball in  F     x    centred at the origin, with a set of the form  {Xx:  X > 0,

x e E     ,, |x - y| < r\ where  r > 0  and y   is a fixed point in  E     x  with   |y| > r)

such that each point  x on the boundary  <9fi  of fl  is the vertex of a finite cone

C    congruent to  C and contained in fl.  Also, fl  has the "strong local Lipscnitz

property" if each point x on the boundary  <9A  has a neighbourhood   U  such that

in some Cartesian coordinate system  <f with origin at  x,  A  H [}  is represented

in   U  by the inequality  cf     . < F(«f., ■ • • , cf )  with   F  a Lipschitz continuous

function.  If fl  is bounded and has the strong local Lipschitz property then it

also has the cone property.

The main results of this section are Theorems 1.4.2 and 1.4.3 below. Both

are well known if a = 0, the former being due to Sobolev and the latter to C. B.

Morrey.  The following lemma will be required in the proof.

1.4.1 Lemma. // z £ E , and fl is a domain of finite volume in E,, and if

0 < a < /€ then

(D f   |x-z|-aa*< /^(volfl)1-^'
Jo

where the constant  K* = K*(a, k)  is independent of z and fl.

The proof of this lemma involves showing that the integral on the left side

of (1) does not exceed jB\x - z\~adx where  B  is the ball with centre  z  and

the same volume as fl.  (1) is clearly true for fl = B.   The details may be found

in Hellwig [7, p. 53].
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1.4.2 Theorem.   Let il  be a domain with the cone property in  E     ..   Let  1 <

k < ?2 + 1   and let  P  be an in - k + l)-dimensional hyperplane in E     j.   Denote by

Ax) the distance from x  to P.   If a> 0 and a + n + I - p < 0 then for all u £ C iil)

we have

(2) sUP|zz(x)|<k/Í   [\u(x)\p + ^uix^mrixTdxV
x€Q r« )

where the constant  K may depend on  a., n, p, k and the dimensions of the cone

C determining the cone property for il,  but not on  u.

Proof.   Throughout this proof A . and  K . will denote various constants de-

pending on one or more of the parameters on which  K is allowed to depend in (2).

It is sufficient to prove that if C  is a finite cone contained in 0  and having

vertex at, say, the origin, then

(3) |„(o)| <kUc i\uix)\p + \yuix)\p][Ax)]adxy P.

For 0 < j < n + 1   let  A . denote the supremum of the /'-dimensional Lebesgue

measure of the projection of  C onto  E .,  taken over all /'-dimensional subspaces

E . of  E     ,. Writing x = ix , x ) where  x  — (x,, • • •, x     ,    ,) and x =ix    ,   ,
7 72 + 1 ° 1 n + l-k n+2-k

x     A we may assume,  without loss of generality, that  P  is orthogonal to the

coordinate axes corresponding to the components of x .  Define

Q = \x    £ E     j_ , : (x , x ) £ C fot some x    £ E A,

Rix') = ix" £ E  : ix', x") £ C\,   for each x   £ Q.

For 0 < t < 1  we denote by  C   the cone irx: x e Ci so that  C   CC with equality

if t- 1.  For C    we define the quantities A    ., Q    and R ix ) analogously to

the similar quantities defined above for C.  Clearly A      = t'A ..  If x £ C we have

uix) = uiO) + fl0id/dt)uitx)dt so that   |z/(0)| < |a(x)| + \x\ $\\Vuitx)\ dt.  Setting

V = vol C and  a = supx£C|x|,  and integrating the above inequality over  C,  we

obtain

,...,

(4)

|a(0)| < fc \u(x)\ dx + a ^dx J"J |V„(/X)| dt

= }c \uix)\ dx + a jlo r*~ l dt f     |V„U)| dx.
'c,

Let z denote the projection of x onto  P.   Then Ax) = |x" - z"\. Since  a>0 and

a+72+l-p<0  we have  p > 1   and so by Lemma 1.4.1

fc [Ax)]'^p-^dx= jQ dx'$R{x,y _Z»\-°AP-Ddx«

<K,[    [A   JI-VWP-D^' =K[A     n-o/k(p.l)A
—        1    J O t,k I t,k Z,72+l- k

vz

= K2z" + 1-^(p-1).
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It follows that

Jc   \Vuix)\dx<{fc   \^uix)\plrix)]adx^ "U     lAx)]-^p~^dxY

. /
< K3/" + 1-(a+" + 1>/f> M   \Vuix)\plrix)]adx\

and so, since  a + n + 1 < p

(6) JO r*"l<ft Jc    |V"(x)| rfx ̂ K4{ Je lV"(*TO*)la¿4
1/p

Similarly

■'/»if./c     ,,        l(P-D/i
Jc |z/(*)|a* <  |jc |a(x)|nr(x)]aa-x|    ' |/"c [rU)]"^" lUx\ '

(7) Í r 1 1/p
<K^fc\uix)\plrix)]adx¡

Inequality (3) now follows from (4), (6) and (7) and the proof is complete.

1.4.3 Theorem. Suppose that all the conditions of Theorem 1.4.2 are satis-

fied, and that in addition A is bounded and has the strong local Lipschitz prop-

erty.   Then for all u e C (A)  we have

(8) sup   la(y)-.»tyl <K'{(  l\uix)\p + \Vuix)\p]lrix)]adx\l/
x.yfB     |x - y|^ '    Q f

where  p = 1 - ia+ n + l)/p  satisfies  0 < p < 1   and K    is independent of u.

Proof.   By virtue of the previous theorem it is sufficient to prove (8) for suf-

ficiently small   |x-y|.

First assume that A is a cube, which we may also assume without loss of

generality to have unit side.  For 0 < / < 1   let A¿ be a cube of side   / with faces

parallel to those of A and such that A   C A.  In the same way we obtained (5)

above we can show that

(9) Jfl   \Vuiz)\dz < K^t"*1-^"^" i\îa\Vuiz)\plAz)]adz\    ".

Let x, y e A,   \x - y\ = p < 1.  Then there exists a fixed cube  A     with Qp C A

such that x, y e A  .  If z 6 A  , zz(x) = uiz) - flQid/dt)uix + tiz - x)) dt so that

\uix) - uiz)\ < p jlQ \Vuix + tiz - x))\ dt.

Hence
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a(x)-    I     u(z) dz
p"+l   J°P

< —   f    dz  C |Va(x + Az - x))\ dt
- p"  Jap       J °

= ±  f1 t-"~ldt   f       \Vuiz)\dz
p"J ° \p

< K6p»Po r(a+" + l)/pdt lfa\Vuiz)\p[riz)]adzy

<Kylja\Vuiz)\p[riz)]adz\
l/p

since  a+-72+l   < p.   A similar inequality holds with x replaced by y  and so

\uix) - uiy)\ < 2K7\x - yf if |V„(z)| p[riz)]a dz\    ".

We have thus proved (8) for a cube, and hence, via a nonsingular linear transforma-

tion, for a parallelepiped.

Now suppose H  is bounded and has the strong local Lipschitz property. Then

there exists a finite open cover \U \ of il and corresponding parallelepipeds

Jtt S each having one vertex at  0  such that x + 77. C il for each x £ U . C\ il. Also,
2 ° 2 2 '

there exist constants  5.  and S1  such that for any x, y £ il with   |x - y| < 8

thete exists   U . such that x, y € 1/.,  and moreover there exists  z £ ix + rr.) O
2 -1 2' 2

(y + 77.) with   |x - z| + |y - z\ < S, |x - y|.  This last assertion is most easily seen

by supposing  77 . is a cube and then applying a nonsingular linear transformation.

The required inequality (8) now follows for   \x — y| < 8Q  from the case where ii

is a parallelepiped.

Remarks.   1.  If il  is bounded both of the above theorems hold also for the

case a< 0, n + I < p.  For instance, from Theorem 1.4.2 with a= 0 we obtain

(10) sup|«(x)| <KÍf  [\u(x)\p+ \Vuix)\p]dx\
l/p

Since  a< 0 and rix) is bounded in il we have [r(x)] > constant, whence (2)

follows from (10).  A similar argument establishes (8).

2.  If a is a positive integer both theorems follow from their well-known

special cases  a = 0 by simple arguments similar to that used in Remark 3 follow-

ing Theorem 1.3.3.
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PART IL IMBEDDING AND NONIMBEDDING THEOREMS FOR

SOBOLEV SPACES

2.1.  The Sobolev Imbedding Theorem.  Let A be an open domain in F   . The

Sobolev space  Wm'piÙ)  is, for  m = I, 2, • • •  and  p > 1,  the space of all (possibly

complex-valued) functions u in  LP(A) whose distributional partial derivatives of

orders up to and including   m  also belong to  LP(A).  Wm,piÇl)  is a Banach space

with respect to the norm

(1) \u:Wm-*iÇl)\ = f     Z       \Dsu: Lpiü)\p\l/p
l0<|s|<777 )

where \u : LP(A)| = S fQ \uix)\p dx\1/p is the norm in LP(A). Here s = (sj, s2, . • • , s)

is an re-tuple of nonnegative integers; |s| = s, +•••+■ s ; Ds = (<9/f9x. )sl • • •

id/dx  )s";  and  dx = dx, • • • dx     is the Lebesgue volume element in  F   .  It is
77 ' 1 77 ° 77

well known (see [lO]) that the space of all functions  u in C°°(A) for which the

norm is finite is dense in Wm,piw.

The Sobolev Imbedding Theorem (Theorem 2.1.1 below) establishes the im-

beddings (continuous injections) of  Wm,p(A)  into various Lebesgue and con-

tinuous function spaces over A.  Required for the proof is some form of regularity

hypothesis on  A.  The most common, and weakest, of these hypotheses is that A

should have the cone property.   For certain imbeddings the slightly stronger

strong local Lipschitz property is required.  (For definitions see the beginning of

§1.4.)

For / = 0, 1, 2, • • •   we denote by   C7(A) the space of functions which, to-

gether with all their partial derivatives of orders up to and including  /,  are con-

tinuous and bounded on A.   C7(A)  is a Banach space with respect to the norm

|a:C7(A~)| =    max      sup |Dsa(*)|.

In addition, for 0 < v < 1 we denote by Cu (A) the subspace of C'iÙ) consist-

ing of those functions whose ;'th order partial derivatives satisfy in A a Holder

condition of exponent v.   C1'  (A)  is a Banach space with respect to the norm

I      ri.vtñW      I      riíñW \Dsuix)-Dsuiy)\
|zz:C7,  (fl)| = |zz: C7(A)| +   max sup-—-.

|s|=7  x,y<rn,x/y |x - y\V

We denote by A —» B the imbedding (continuous injection) of the normed

linear space A into the normed linear space B; i.e. A —> B signifies A C B

and   |a : B| < const |a : A|   for all  u e A.

2.1.1 Theorem (The Sobolev Imbedding Theorem).   Let A have the cone

property. Then there exist imbeddings of the following types:
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(i)  if mp<n and p<q < np/in - mp)  then Wm-pÍÚ) -> Lqiil);

(ii)   if mp = n and p < a < °°  then Wm-P(il) — Lqiil),  if also p = 1   then

W"'Hü) -» C°(ñ);

(iii)   z'/ (772 - ;)p > 72 /or sozTze  / = 0, 1, 2, • • •   then  Wm,piil) -* CAil).

If, in addition, il has the strong local Lipschitz property then case (iii)  may

be refined as follows:

(iiia)  if (m - j - Dp < n < im - j)p and 0 < v < ((777 - j)p - n)/p  then Wm>piil)

-C''-V(Ö);

(iiib) if (m - j - Dp = 72 and 0 < v < 1   then  Wm-Piil) — C;'V(0).

Remarks. 1.  Parts (i), (ii) and (iii) are due essentially to S. L. Sobolev [12]

while the refinements (iiia) and (iiib) are due to C. B. Morrey [ll]. For a definitive

presentation of the proof of this theorem, the reader is referred to Gagliardo [4]

or Clark [3].  Not included in our statement of the theorem are certain trace im-

beddings of  Wm,piil) into  Lq spaces defined over lower dimensional manifolds

contained in il-  There are numerous generalizations of Theorem 2.1.1 (mostly

Russian) to various other spaces, often involving weighted norms or fractional

otder derivatives.  The theorem and its generalizations are useful in the study of

partial differential operators on  H-

2. In asserting the imbedding of Wm,piil) into a continuous function space

such as CAil) or C7, iii) it is understood that a function u £ Wm,piil) may re-

quire redefinition on a set of measure zero in order to belong to the continuous

function space. The elements of Wm,piil) ate, stfictly speaking, equivalence

classes of almost everywhere equal functions and existence of the imbedding in-

dicates that an element u" of the class u £ Wm'piil) belongs to the continuous

function space in question.

3. It is obvious that if il  has finite volume and   1 < a < p then  Wm,piil) —»

Lqiil). It is shown in [l] that no imbedding of the above form is possible for any

a < p unless il has finite volume.

4. Examples can be given to show that the imbeddings of Theorem 2.1.1 are

"best possible" in the sense that no other range spaces of the same type as the

ones specified can be used in place of the ones specified.  E.g. if mp < 72 and

a > np/in - mp) then  Wm,piil) -++ Lqiil).  In case (ii) however, a certain Orlicz

space can be shown to be the natural range of the imbedding (see Trudinger L13J).

Many interesting domains fail to have the cone property.  Domains whose

boundaties consist entirely of  (72 - l)-dimensional surfaces may so fail if the

boundary has cusps, or, even if smooth, if the domain is unbounded and narrow

at infinity.  It is our purpose here to examine the possibility of establishing im-

beddings of the type considered in Theorem 2.1.1 for certain classes of domains

not having the cone ptoperty.
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§2.2 is concerned with unbounded domains which become narrow at infinity.

We show that generally no imbeddings of the desired type are possible.

§2.3  is concerned with classes of domains having cusps. We show that if these

cusps have "power sharpness" Theorem 2.1.1 survives but with weakened con-

clusions, establishing imbeddings of all three types for a large, though by no

means exhaustive, class of domains with such cusps.   Our results sharpen and

generalize certain similar results obtained by I. Globenko ([5], [6])  by different

methods.  Finally we show that no imbeddings of the desired types are possible if

the domain has cusps of "exponential sharpness", i.e. cusps sharper than any

power cusp.

2.2 Unbounded domains—a nonimbedding theorem. An unbounded domain A

in E    may have a smooth boundary and still fail to satisfy the cone condition if

it becomes narrow at infinity. For unbounded A let A., denote the set ix e A:

N < \x\ < N + 11. The writer and John Fournier have shown in [l] that if there is

any imbedding of the form

(1) Wm'piQ) -> L"iÙ)

where  q > p then either

(a) vol A = 00 and lim^^^vol A^ > 0,  or

(b) vol A < 00 and lim.,   ^e     vol A., = 0 for any k.

Unbounded domains with the cone property fall under the alternative (a).

Example.  The domain A = i(x, y) e E2- x > 0, 0 < y < e~x   \ satisfies (b)

above.  However, the function  zz(x, y) = ex tl is easily seen to belong to  Wm,piQ,)

tot  1 < p < a and any m, but not to  L9(A).

This example leads us to speculate that there are no unbounded domains in

class (b) above  for which (1) holds for some  q > p.  Such a result was proved

for connected A  and  m = 1 by R. Andersson [2]. We prove it in general.

2.2.1 Theorem.   // A  is unbounded and has finite volume there exist no im-

beddings of type (1) for any  q > p.

Proof.  The method of proof is suggested by the example given above. We

construct a function uix) depending only on the distance of x from the origin,

whose growth is rapid enough to prevent membership in  LqiÛ) but still slow

enough to allow membership in  W™,piQ,).

Let Air) denote the surface area (Lebesgue in - l)-measure) of the inter-

section of A  with the spherical surface of radius   r centred at the origin. Then

J Air)dr = vol A < 00.
0

Without loss of generality we may assume that vol A = 1. We define numbers rn

in = 0; 1, 2, •■•) by
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J~ Air)dr = 2-"=f"       Air) dr
n 72— 1

so that clearly  rn = 0  and  r   T °° as  72 —> °°.  Let  Ar   = r     . - r    and fix  f such
J        U 72 7772+177

that  0 < e < imp)'    - imq)~   .  There must exist an increasing sequence  \n .}°\

such that  Ar     > 2       'for otherwise  Ar    < 2 for all but possibly finitely many

72 whence  2°° „Ar   < °°, a contradiction.  For convenience we assume 72, > 1  so
77=0 77 1  —

that 72. > 7 for all  /'.  We denote a. = 0, a . = r      .,  b . = r     (j = 1, 2, • • ■ ), and
7 - ' ' 0 ; 77/ + 1'      ; 71/     '

note that a .   , < b . < a . and a . - b . = Ar     > 2~"i.
7-1—7 7 7 7 72/ -

Let / be a fixed, nonnegative, infinitely differentiable function on (- <*>, oo)

with the properties

(i) 0 < fit) < 1  for all  t,

(ii) /(/) = 0 if /<0; /(/)= 1  if /> 1,

(iii)   f{k)(t) < M   fot  all   t   if    1   <  k < 772.

For x in fi let r = |x|  and define a function u in C   iii) as follows (taking

720=0)

a(x) = 2"-l/9

uW = 2nHA+(2"/9./rA

for a .   . < r < b .
J- 1   -      -     7

-2  '-1    )/((r-è.)/(a.-£>.))      for  è . < r < a ..
' ill i -    -    i

Denoting  il . = Sx e Q: a _ , < |x| < a  S we have

/    \uix)\p dx = if J       +f"'\[u(x)]*A(r)dr
i i   ai-1 i>

n ■    , p/q   rco , . 72 .p/q   -a .
<2  >~l        J A(r)a"r+2   »        f   '¿(^

J «y. 1 J b.

-V\2~n'-l(l~P/,q)     j'"'1'1'"^] - 7-('-l)(l-p/,q)

Since  p<q this forces  /_|a(x)| p dx = S°^j j    \uix)\p dx < oo and so  u £ Lpiil).

To prove that  u £ Wm'piil)  it is now sufficient to show that  dku/drk £ Lpiil) lot

1 < k < m.  We have

k — a(x)
drk

dx PJ b .

a   u

drk
Air)dr

n .p/q
1   ' rai

<Mp-±-I    ' Air)dr
"        [a.-b ]kp J b,

i        i

= y2Mp2
•72 (l-i>/q-ekp) <y2Mp2-c>
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where  C = 1 - p/q -ekp>0 since  e < l/mp - l/mq.   It follows that  j \dku/drk\p dx

< oo.  Finally, we note that

f    \uix)\qdx>2"'-1 F'      Air) dr
¿SI - J a.   .■     7 7-1

77.      , .     —n .      , — 1 —77.— 1

= 2  7_1[2     7-î      -2     '    ] > 1/4

whence  j\uix)\g dx = oo.  Since  u belongs to   Wm,piü,) but not to  Lqiü) the theo-

rem is proved.

Remarks. 1.   Following the discussion at the beginning of this section Theo-

rem 2.2.1 has the force of precluding the existence of imbeddings of type (1) for

any  a > p whenever A  is unbounded and satisfies  lim.,   ^ vol A,, = 0,  a condi-

tion obviously much weaker than finite volume.

2.  Since the counterexample function  u constructed in the proof of the above

theorem is unbounded it serves also to show that there can be no imbedding of

Wm,p(A)   into  C;(A)  for any  / (if A  is unbounded and has finite volume.)

2.3 Domains with cusps.  Let it be assumed from the outset that each domain

A C E     considered in this section has boundary  dA  consisting of in - l)-dimen-

sional surfaces, and that A  lies on only one side of f3A.  A  is said to have a cusp

at x0 e ¡9A  if no finite cone of positive volume contained in A can have vertex

at x~.  The failure of a domain A to have any cusps does not, of course, guarantee

that the domain has the cone property.

We begin by considering cusps of power sharpness.

2.3.1   Definition.   For   1 < k < n - 1   and  À > 1  we denote by  A    .   the stand-

ard power cusp domain in  F     specified by the inequalities:

x2 + • •• + x\ < x2.    ,,
1 k        k+i'

(1) x,   . > 0, ..., x   > 0,
k + i 77

lx2. + ...+x2Al^ + xl   ,+... + x2< a2
1 k fe + l 77

where  a  is the radius of the ball of unit volume in  E   . Clearly  a < 1.  A,       has
77 J K,\

axial plane spanned by the x,   ., • • • > xn coordinate axes, and vertical plane

spanned by x     2, • • ■ , x  .  If k = n - 1   the origin is the only vertex point of

A,   . .  The outer boundary surface (as determined by (1)) is taken to be of this

form in order to simplify calculations later.   It could be taken to be a sphere or

more general surface bounded away from the origin.
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Example.   Let  n = 3.  H2 2   is the domain in  E,   specified in cylindrical

polar coordinates  (r, 0, z)  by

r<z2,       z>0,       r + z2 <[3/4n]2/\

It has a simple cusp at the origin.  Qj 2   is the domain in  E,   specified in

Cartesian coordinates by

|x|<y2,       y>0,        z > 0,        \x\ +y2 + z2 < [l/4n]2//i.

This domain has a one-dimensional cusp line along the z-axis.

Together with il, .   we shall consider the associated standard cone il,  .

which is a domain of the type considered in §1.3.  il,   ,   is specified in Cartesian

coordinates y.., • • • , y    by

2 2^2
yi   +   ...+yk<yk + v

^+i>0'---'y,z>0>

y2   +   ...+y2n<a2.

It is convenient to adopt generalized "cylindrical" coordinates  ir,, cp., • ■ ■ ,

<Pk-V >k + V ""' yJ in  £72  so that  rk-0' - "'S 0i < ^  0 <tp2, ..., cpk_l < 77

and

y. = r, sin cp. sin 0, • • • sin cp, _ .,

y2 = ri. cos 0i Sin 02 ' ' ' Sln $k- 1'

(2) >3 =^cos ^2 •■' sin ^fc-1'

yk = rkcos<Pk_v

In terms of these coordinates  il,   .   is represented by

°<rk<yk+v    ^+i>0'---'yn>0'

2 2 2.2
rk + yk+i + --- + yn<a ■

The standard cusp il,   .   may be transformed into the associated cone il,   j   by

means of the one-to-one transformation
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x, = zvsin </>j sin cp"2 • • • sin <p.    ,,

x2 = r* eos <pj sin <¿2 ... sin </>     x,

^' x, = r* eos
fe- '**-"- ^k-V

x   = y   ,
77 ' 77

which has Jacobian determinant   |(9(xj, •• • , x  )/diyx, ■•• , y  )| = Ar¡T      '*.

2.3.2 Lemma. Let a* > 0.  If a* y p - n let 1 < y < (a* + n)p/ia* + n - p);

otherwise let  1 < y <<».   There exists a constant  K = Kin, p, a ) sac/3 that if

1 < k < n - 1  aW X > 1   satisfy a = (A - l)& < a* /¿en /or a// a e C!(A,    )

l/r / r \ Ui
(4)     {ja   i"wi7^} r-K{Jß  H"Wip + iv"wr]^}

p

Proof.  We first establish (4) for given  k  and X and then show that   K can be

chosen to be independent of these parameters. Suppose  a   > p - n.   It is sufficient

to prove (4) for y = (a ■+ n)p/i<x   + n - p).  For a € C (A.  x) define  aty) = a(x)

where y  is related to x by (2) and (3).  Thus u  e C (A,   j) and so by Theorem

1.3.3   and since  y <ia+ n)p/ia+ n - p) we have

i/y    i   r \ Uj

(5)

| j^ ^ laWra-x}        = |a J     ^ |a(y)r[rfe(v)]aa> J

- Kl \Íq       [|"(y)|í> + \V»(y]\P>\-rkiy)]ady\
Up

Now x . = r A~   y . if   1 < j < 4;  x . = y    if k + 1 < j < n.  Since  r, = yx + • • • + y,

we have

dx.     iS,,^-1 +(A-l)r*-3yiy,      if 1 <«./<*.
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Since  rkiy) < 1  on  ilk j   it follows that   \^uiy)\ .< X^uix)]. Hence (4) follows

from (5) in this case.  For a.   < p - n and any y the proof is similar, and uses the

second remark following Theorem 1.3.3.

In order to show that the constant   X in (4) can be chosen to be independent

of k and X provided a= (À - l)k < a.   we note that it is sufficient to prove that

there is a constant /  such that for any k, X with  1 < k < n - 1,  a. < a , and all

v £ClÍÜk ,)

(6) //     j  \viyV[rkiy)]adyy * < ] {f     ^ [\viy)\p + \Vviy)\p][rk]ady\" \

In fact it is sufficient to prove (6) with / depending on k as we can then maxi-

mize ]ik) over the finitely many allowed values of k.  We distinguish three cases.

: a<

Up

Case 1.  a   < p - n,  1 < y < oo. By Theorem 1.4.2 we have for 0 < a< a

(7) sup     |iXx)| < J*(a) { f [\viy)\p + ^viy)\p][r,iy)]ady\

*eQkl                        Vük,l )

Since the integral on the right increases as  a decreases we have /  (a) < J  (a )

and (6) then follows from (7) and the boundedness of ii,   ,.

Case II.   a   > p - n.   Again it is enough to deal with  y = (a  + n)p/ia + n - p).

From Theorem 1.3.3

(8) tt     i  \viy)\V[rkiy)]ady\l * <JlffQ       [\víy)\p + \Vviy)\p][rkiy)]ady^ *

where v = (a + n)p/ia + n - p) > y and / j   is independent of a for p - n < aQ <

a< a . (See Remark 4 following Theorem 1.3.3.) By Holder's inequality and since

rAy) < 1   in il,   .   we have

{K 1   {viy){y[r¿y)]ady\l/y -   {h, !   ̂ ^[r^dy^^Uolil^r- ■ J)/vy

so that if  a   < a < a   then (6) follows from (8).

If  p - n < 0  we can take  a   = 0 and be done.  Otherwise  p > 72 > 2.  Fixing

aQ = (a   - 72 + p)/2  we can find 0 < a^ < p - n (or 0-x = 0  if p = 72) such that for

cij < a< a    we have

,   . (a + TzXa* + 72)0
1 < q -

(a + n)ia* + n) + (a* - a)p     1 + e

wljere e    > 0 depends only on  a. , 72  and  p.   Because of the latter inequality we

may clearly also assume that q - n < a.     Since (a+ n)q/ía. + n — q) = y we have,
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again by Theorem 1.3-3 and Holder's inequality,

{Jo, ,   l^)|rMy»a^}l/r</2{J0A i \\viy)\q+Vviy)\«]lrkiy)]ady\l/q

<2(p-q)/pq]2ifa        l\viy)\p + \Vviy)\p]lrkiy)]ady\l/PlvoinkA]ip-^p'l

where  /-   is independent of   a for  a   < a < a

In case  a. > 0  we can obtain a similar (uniform) estimate for 0 < a< a    by

the method of Case I.  Combining this with (8) and (9) proves (6) for this case.

Case III.  a   = p - n,   1 < y < oo.  Fix  v > max (y, n/in - 1))  and let  q =

(a + n)v/ia + n + v) so that  v = (a + n)q/ia + n - q). Then   1 < a < pz^/(p + v) < p

tot 0 < a< a . Hence we can select clx > 0  such that q - n < a.   < p - n.  The

rest of the proof is similar to that of Case II. This completes the lemma.

The above lemma indicates that for domains with power-like cusps we should

expect some imbeddings of the form Wm,piil) —> L?(A) iq > p). We generalize the

lemma as follows.

2.3.3 Theorem.   Let A  be an open domain in E     having the following prop-

erty:   there exists a family   V of open subsets of A such that

(i) A= \JGerG;
(ii)  r has the finite intersection property, i.e. there exists a positive integer

N such that any N + 1   distinct sets in T have empty intersection;

(iii) at most one  G e V has the cone property;

(iv)  there exist positive constants  a   > mp — n and A   such that for any  G e V

not having the cone property there exists a one-to-one function t/z  mapping  G  onto

a standard power cusp A, .   where  (A - l)k = a< a   and such that for all i and j

(l < i, j < n),  all x e G  and all y e A,

\difj./dx.\ < A,       \d(ifj- l\/dyi\ < A.

•I p <y <io* + n)p/ia* + n - mp) then

(10) Wm-P(ü) -*Ly(ü).

Proof. First note that it is sufficient to prove the theorem in the special case

m = 1, for, assuming this done, we have for \s\ <m - I, q - (a + n)p/(a + n - p),

and  a e U""'p(fl)

|Dsa:L«(fl)i < K  \Dsu : W1'*®)] < K  \u: Wm'p(Q)\

whence   |a : Wm~ l '?(fl)| < K, \u : Wm>p(Q)\. Since
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(a   + n)q (a   + n)p

a.   + n - im - Dq      a   + n - mp

the case of general  tzz  follows by induction.

We assume now that m = 1. Let u £ C iii) and let G £ T. If G has the cone

property then since  p < y < (a   + zz)p/(a   + n - p) < np/in - p) we have by Theorerr

2.1.1

\u:LyiG)\ <K6\u:Wl-piG)\.

If  G does not have the cone property and tp: G —> il,       is as specified above,,

then by Lemma 2.3.2

|a:Lr(G)|<K7|ao^-1:L7(n^x)|

< Ks\u op-1:Wl'piilkk)\ < K9\u:Wl<piG)\

where   K»   is independent of  G £ V. We have, therefore (noting that  p/y < l),

ph

\u:Lyiil)\p< I Z    L \uix)\y dx\

<Z{fG\uix)\ydx}'

<K10   Z    [r [\uix)\p + \Vuix)\p]dx<K    N\u:\Vl>piH)\p
Ger JG

where we have used the finite intersection property of Y in the last inequality.

The imbedding (10) now follows by completion.

Remarks.   1.   Imbeddings of the sort (10) for certain domains having cusps

were established by I. Globenko ([5], [6]) by a different technique.  The limiting

exponent y = (a   + n)p/ia   + n — mp)  is not covered by Globenko's method.  See

also Maz'ya (M, M).

2. If  a   <mp - n then (10) holds for  p < y < °o.

3. If (and only if) il has finite volume (10) holds in addition for  1 <y<p.

4. The theorem is best possible in the sense that if ÍX - l)k = a> mp - n

and y>ia+ n)p/ia+ n - mp) there exists a function  u in  Wm,piil    A but not in

E'vfl,  . ).  There are, of course, many domains having power-cusp-like singulari-

ties which, nevertheless, do not satisfy the conditions of Theorem 2.3.3.  It is

possible to generalize the methods of this paper to cover some of these.

Example. Let fi = i(xj,xx,)eE,: x2>0, x2<x. < 3*2 ¡. Setting a =

I3/477]        we may teadily verify that the transformation

yl=x1-2x22,       y2=x2,       y    =x    - k/a     (k = 0, 1, 2, . • • )
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transforms a subdomain  G,   of A  onto the standard power cusp A.  ,   in the man-

ner required of (A  in the statement of Theorem 2.3.3. Moreover {G, \T has the

finite intersection property and covers A up to a set with the cone property.

Hence Wm-Piü) —. Ly(A) for p < y < Ap/iA - mp) if mp < 4,  or for p < y < oo if

mp > 4.

We now consider imbeddings into spaces of continuous functions.

2.3.4 Lemma.   Let 0 < a   < mp — n.   There exists a constant Q = Qin, p, a )

such that if 1 < k < n - 1  aW A > 1  satisfy  a = (A - 1)& < a   /¿erz /or a//

a eCmiüu .)
ft,À

(11) sup     |a(x)| <0\u:Wm>pink   )\.

x€ilk,X

Proof.  First suppose m = 1.  For u e C (A,    ) we have by Theorem 1.4.2

and via the method of the first part of the proof of Lemma 2.3.2

sup     \uix)\ =    sup     |a(y)|

Up

x€ak,x y€\i

(12) -QAia        l\»b>\P+\V«Wttrkiy)]ady\

<e2/Jt¡        l\uix)\p+\Vuix)\p]dx\
Up

Since  r.iy) < 1   for  y £ A,   ,   it is clear that  Qx   and hence  Q2   can be chosen

independent of k and A for a< a .

For arbitrary  m we have by Theorem 2.3.3 «""'"(A,    ) -» W1-yiük-) fot

some y > a   + n (specifically y = (a   + n)p/(a   + rz - (//z - l)p) > a   + n if

(to - l)p - « < a ,  or any y > a   +- n  otherwise).   It then follows from (12) that

sup     |a(x)| <Q3\u:Wl''yink    )\ <Q\u:Wm-piük x>|.

x€ak.x

2.3.5  Theorem.   Let il  be a domain in  E     with the following property: there

exist positive constants  a   < mp - n and A  such that for each x e A  there

exists an open set G with x e G C A and a one-to-one mapping «A of G  onto a

standard power cusp A, x with (A - l)k = a< a   and such that, for \s\ < m,

1 < i, j < n, and for all x e G and y e A,

|#/r3x;| <A,       \Dsiiff-l).iy)\ <A.
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Then

(13) Wm-HQ) — C(A).

More generally, if a.   < im — j)p — n where 0 < ;' < m - 1  then

(14) Wm'PiQ) -^c>iñ).

Proof.  It is sufficient to prove (13).  If   yj maps G C A onto A, .   we have

for a e Cm(A)

sup  |a(x)| =     sup    |" o t/z"   (y)|

x€G y€{lk,X

<g3|a ozA"1: Vfm-piQk   )\ <QA\u:Wm'piG)\.

Since Q.   is independent of G we obtain

(15) sup |a(x)| <04|a:lVm-i'(A)|.

xSQ

By completion (15) holds for all  a e Wm,piQ,).  For such  a  there exists a sequence

a    6 C(A) such that  a   —» a in Wm,i,(n).  By (15) a (x) —» a(x) uniformly almost

everywhere in  A,  whence  a e C(A) after possible redefinition on a set of measure

zero.

2.3.6  Theorem.   Let A  be a domain in  E     with the following property: there

exist positive constants a. , 8 and A  such that ¡or each pair of points x, y e A

with  \x - y| < 8 there exists an open set G with x, y e G C A and a one-to-one

mapping yj  of G onto some standard power cusp A,      with  (A - l)k = a< a   and

such that, for \s\ < to,  0 < i, /' < n,  and for all x e G and z e A. .   we have

\dtfr./dx\<A,       |Dsty_1).(z)| <A.

Suppose that for some  I with 0 < I < m - 1  iz^e have im - I - l)p < a.   + n <

im - Dp then Wm'piü) — c'^iü), 0 < p < ((to - Dp - n - a*)/p.   If im - I - Dp =

a* + n  then  Wm'piil) -* C'^iü), 0 < p < 1.

The details of the proof are similar to those of Lemma 2.3.4 and Theorem

2.3.5. We omit them.

We conclude by showing that the entire imbedding Theorem 2.1.1 fails if A

has cusps sharper than any power cusp.  (Let us call such cusps exponential

cusps.) Let  B   = B ixn) denote the ball of radius r about xneE:A=B   PiA
r/rrO 077'rr

and S (A) = idB ) O A.  Let Air, A) be the surface area (Lebesgue in - l)-mea-
r r °

sure)  of S (A).  We shall say that A has an exponential cusp at xQ e <9A  if for

every real number k we have
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(16) lim Air, il)/rk = 0.
7—0 +

2.3.7 Theorem.   // il  is a domain in  E    having an exponential cusp at xn £

<9fi  there can be no imbedding of Wm,piil)  into  Lqiil) for any  q > p,   or into cAil)

for any j.

Proof.  We consttuct a function  u £ Wm,piil)  which fails to belong to  Lqiil)

(a > p)  or  CAil) because it becomes unbounded too rapidly near  x_.  We make use

of Theorem 2.2.1 in the construction.

Without loss of  generality we assume  x„ = 0  so that  r= |x|.  Let it    =

\y = x/\x\    : x £ il,   \x\ < 1 \.  It is easily seen that  il    is unbounded and has finite

volume, and that Air, il*) = r2{n~ l)Ail/r, il).  Let  t satisfy p < t < q.  By Theorem

2.2.1 there exists a function  v   £ Cmi0, <x)  such that

(i) 7/(r) = 0 if 0<7-< 1,

(ii) /7|î'(')(r)|iA(r,n*)</r<oo if ; = 0, 1, ..., m,

(iii) f^\vir)\qAir, il*)dr=°c

(If  r = |y|   then  viy) = vir) defines  v £ Wm'piil*) but   v 4 Lqiil*).)  Let x =

y/|y|2   so that p = |x| = l/|y| = 1/r.  Set  ß = 2/z/a  and define  uix) = uip) =

rvir) = |y|   zv(y).  It follows for   |s| = /' <m that

|Dsa(x)| < \7rW(p)\ < Z  crrß+'^(l)ir)
2=0        '!

where  c .. depends only on  ß-  Now  «(x) vanishes for   |x| > 1   and so

f \uix)\qdx = flQ \uip)\qAip,il)dp

-J"|«(r)|«A(r,0*)*-«.

On the other hand,   if 0 <\s\ = j <m,

[\Dsuix)\pdx<  f1 \'Ü('\p)\pA(P,il)dP

(17)

< const Z   r \vU)ir)\pr{ß*i+i)p-2nA(r, il*) dr.
2=0   J   l

If it happens that iß + 2772)p < 2?z then, since  p < t and vol il   < <», we have by

Holder's inequality that all the integrals in (17) are finite and  u £ Wm,piil) com-

pleting the proof.   Otherwise let

k = [iß + 2m)p - 2n] [t/it - p)] + 2n.

By (16) there exists  a < 1   such that if p < a  then  Aip, ii) < pk.   It follows that
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if r>l/a  then  rk~ 2nAir, A*) < rk~ 2pk = r-2.  Thus

f~ r(ß+> + ')p-2"\ZU)ir)\pAir, Q*)dr

= ^\vU)ir)\p/k-2^'-p^Air,ü*)dr

<|j7l^!Hr)|íA(r,A*)a'jP/'{j7^-2"A(r,A*)a'Aíí"í,)/'

whence  a e Wm,piQ,)  and the proof is complete.
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