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ABSTRACT. This paper examines the possibility of extending the Sobolev

Imbedding Theorem to certain classes of domains which fail to have the *‘cone

property’’ normally required for that theorem. It is shown that no extension is
possible for certain types of domains (e.g. those with exponentially sharp cusps
or which are unbounded and have finite volume), while extensions are obtained
for other types (domains with less sharp cusps). These results are developed
via certain integral inequalities which generalize inequalities due to Hardy and
to Sobolev, and are of some interest in their own right.

The paper is divided into two parts. Part I establishes the integral in-
equalities; Part Il deals with extensions of the imbedding theorem. Further
introductory information may be found in the first section of each part.

PART I. INTEGRAL INEQUALITIES

1.1 Introduction. The inequalities developed in this section generalize cer-
tain well-known integral inequalities of G. H. Hardy and S. L. Sobolev and con-
cern estimates for weighted L%-norms, uniform norms and Hélder norms for con-
tinuously differentiable functions defined on open intervals, cones or balls in
terms of weighted L?-norms of the function and its first derivatives. The in-
equalities will be used in Part II to prove imbedding theorems for (unweighted)
Sobolev spaces defined over irregular domains.

The one-dimensional case is treated in § 1.2, and the results obtained ex-
tended to (n + 1)-dimensional Euclidean space E .1 in the remaining sections,
$1.3 dealing with bounds for weighted L%-norms, and $1.4 with pointwise bounds
and Hélder conditions.

Functions # may be assumed complex-valued in general. We shall not be

concerned with the problem of finding the best constants for our inequalities.

1.2 The one-dimensional case. Throughout this section we consider functions
u continuously differentiable on an open interval (0, T) for fixed T > 0. In each

inequality studied it may be assumed that the right-hand side is finite.
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1.2.1 Lemma. If 6> 1 and a> 0 then

(1) f (2] %1% Ly <OL+1 | )% dz+—fT| (051" ()| d1.

Proof. It is sufficient to prove (1) for & = 1. Integration by parts yields

[ :Iu(t)l[ou“‘ _ a_tl “]dz - f T[ “+1] 210 ae.

Transposition and estimation of the term on the right gives

T a-1 a+l (T a T, a
a [ 10l ar < 22 [Tl ar 2 1Ol
which is the desired result.

1.2.2 Theorem. If p>1 and a> p -1 then

@ [T lu|pe=ar <20=1 [a””’] fT<”(’)"’ |u'(t)|p>tadt.

a+ 1l -

Proof. Taking 8 = p and replacing aby a—p + 1 in (1), and then using

Hélder’s inequality, we obtain

I: |u(2)|P1*=? ds

a+2-p ampel 2p T 1y ¢ a=p4l
< —rTfZP )| L R A G - (0)|? (D>~ 2+ ar
o )| t+a+1_pf0|ut| ' (1)]

a+2+p am (p-1)/p |u(t)| . ) b
<a.:—1—_—;{f |ul2)| P2 pdt} {f ( lu'()]) ¢t dz}

from which follows

1/, 1/
{ﬁ |u(t)|pta'pa’t} Poax2ep {zﬂﬂf('_”ﬁh |u'(t)|">tadz} ’
a+1l-p 0 T?

whence the inequality (2).
Remark. If :*?u(z) belongs to L?(0, =) then letting T — = in (2) we obtain

f:; |u(£)|?+*=? dt < const f: |a' ()| P1* dt.

This resembles the classical Hardy inequality (e.g. see Zygmund [14, p. 20]),
which is usually proved for a< p — 1 and functions u such that u(¢) — 0 as

t — 0 +, though it also known for a> p -1 if u(t) — 0 as t — . Generaliza-
tion of Hardy’s inequality to finite intervals usually involves boundary conditions

on the function z at one or another of the endpoints but (2) above replaces such
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boundary restrictions by the requirement that fglu(t)lptadt be included on the
tight-hand side.

1.2.3 Lemma. If 8§ > 1 and a> 0 we have the following pair of inequalities:

3 sup [ul0)]” < o PO R Y ROl PO
4) sup )] ®e% < 9_‘;2 J ol dr + 38 | Z 1(0)] 8= 1 ()] 1% .

Proof. Again we need only establish the inequalities for the case 8 =1. If
0 <t < T/2 we obtain by integration by parts

[SNEE PR

whence |u(1)| < (2/T)f]|ul0)| do + J814'(0)| do. For T/2 <t<T the same in-
equality follows partial integration of the integral fg-/2|u(t + 17— T/2)|dr. This

dr

proves (3).
Replacing «(¢) by «():* in (3) (with 8 = 1) we obtain

S lu()]e* < "Ef f; lu2)] 2% dt + fOT Ua' O] + alule)]2*= 11 ar

2 (T a T, . a
S}fo lul2)] ¢ dt+f0 lu' ()|t % dt

a+l T, a 2 (T . a
+a{—(-1~T—f0 [u(2)|t a’t+aI0 lu'(8)|2 a’t}

where Lemma 1.2.1 has been used to get the last inequality. This is the desired
result for 6 = 1.

1.2.4 Theorem. If p>1 and a> p ~1 there exists a constant K depending
only on @ and p such that

1/y 1/
(5) {f: |u(t)|ytadt} <K {I: (L’%%E + lu'(z)l") tadt} ?

where y = (a+ Dp/(a+ 1 - p).

Proof. In this proof the symbols K, denote various constants depending on

a and p. We have from Lemma 1.2.3
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sup_ 17212 <k, [T ol [ B2 o] o=

0<t<T
(o= 1D/t b 1/p
< Kl{f: lu(t)l"za"’dt} ? p{f: [Iu;t)l + Iu'(z)l] zadt}

< Kzf [Iu(t)l '(t)l"]z dt

where Theorem 1.2.2 has been used in obtaining the last inequality. Since y - p
= p2/(a+ 1 - p) we have

f WD) t%dt < sup  [|ulD)|”=2¢?] f |u(0)|21%=? d
0<t<T

A0, o . N2Aa+1-p)
<s{f7 [ g o)} ST luteeee= a
b (@sD) /(a1
< K4{f07 [l_"_(f)_l_ + Iu'(z)l"] tadz} DA
T

once again by Theorem 1.2.2. This is the desired result.

Corollary. If p>1 and a>p -1, and if 0 <s <p, then there exists a con-
stant K_ depending on & and p such that

1/A 1/,
©) {j: )] ﬂ-sa'z} < K{f: [M‘l_"ﬂ |u'(z)|f’] tadt} ’
T

where A =(a+ 1 —s)p/(a+1 - p).

Proof. Clearly p <A<y. Set g=(y - p)/(\ =p), ¢' =(y - p)/(y = A). Then
1/q + l/q' =1 and we have by Hélder’s inequality

1/ 1/
f: Iu(t)l)‘za‘sdt < {f: Iu(t)lyzadt} q{f;r Iu(t)lpta'pdt} !

whence (6) follows from (5) and (2).

We conclude this section with brief consideration of the case a<p - 1.

!

1.2.5 Lemma. If p>1 and a<p -1 then

-1
O sup luol? <[ XD pant [rIIOL w17 e
T?

0<t<T p-a-1

Proof. For 0 <, r<T we have u(t) — u(7) =f;u'(0) do from which
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la()] < |ul)] + fglu'(a)l do. Integration of 7 over (0, T) and application of

Hélder’s inequalitv in case p > 1 yields

Tluo)] < f; ()| dr + *fof |u'(0)| do

1/ (0= 1)/}
< T{zi”l J: ['u(o));.+ |u'(o)|"] aada} p{j: g’a/(p-l)da} P
T

from which (7) follows. If p =1, (7) follows from the first inequality above.
Remarks. 1. For a<p -1 and T < (5) holds for 1 <y <.

2. Under the assumptions of Lemma 1.2.5 it can be shown further that

lu(t) — ulr)] b 1/p
(8) sup -—u—— . < const {fT [—‘I-l—t—)l‘ + |u'(t)‘p] tadt}
0<t,r<T It_rl/.l- 0 Tp

where p =1 - (a+ 1)/p. We defer the proof of this inequality as it is similar to,

and a special case of, that of Theorem 1.4.3 below.

1.3 The multi-dimensional case—L? estimates. In this section x = Gepoeees
xn+l) will denote a point in (n + 1)-dimensional Euclidean space En+l (n>1),
and we shall use the spherical polar coordinate representation x = (p, by Dy

--,¢n)=(p, #) where p>0,-7<¢, <m 0<,, ety ¢ <m and

x,=psin¢, sing, ---sin ¢ »
x,=pcos sind, --sind ,

xy=pcosp, ... sind ,

xn+l = p Ccos ¢n.

The volume element is dx =dx dx, --+dx ; = p"l'l;.’___1 sin’~! q.’)l.a’pdqb where
dp=dp, ---dp .

Ve introduce functions r, = rk(x), 1<k<n+1, as follows:

n
r,(x) = p|sin ¢, I1 sin ¢j,
j=2
n
(1) rk(x)zp I£sin¢i, k=2,3,..4,n,
1=

(x) = p.

r
n4+l

For 1 <k<n, rk(x) is the distance from x to the coordinate (hyper-) plane
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spanned by the axes X1t X while rn+l(x) is just the distance from x
to the origin. In connection with the use of product symbols of the form P =
l'[;.’;k P, be it agreed hereafter that P =1 if m <k.

Throughout this section {} shall denote an open, conical domain in E

n+l
specified in polar coordinates by the inequalities

2 0<p<a, -B,<¢ <P, 0<d.<B, j=2,3-sm

where 0 < f)’i < 7. (The inequalities ‘<’’ are replaced by ‘<"’ for any ,Bi =n. If
all B, =7 then the first inequality is replaced by 0 < p <a.)

In the lemmas and theorems that follow it is always assumed that the functions
u considered belong to clQ) (i.e. are continuously differentiable on Q) and that
the right-hand sides of the stated inequalities are finite. The constants K, Q, Ki’
Q. K*, 0% etc. occurring in the statements and proofs may depend on @, p, n, B
and 8 but not on a or .

Our first result generalizes Lemma 1.2.1.

1.3.1 Lemma. Let 6 > 1. Suppose that either m=k=1 or 2<m<mn+1,
1<k<n+1, and suppose also that o> 1 — k. Then

[, G
) [l x——dx <K, folutaP [‘1(;’_& |Vu(x)|] [r ()% .
r x

Proof. We assume 8 = 1; it is clearly sufficient to prove (3) for this case.
Write @ =Q, U Q_ where @, consists of those points of ! for which ¢, > 0.
We shall actually prove (3) for @, (which, however, we shall continue to call Q).
A similar proof holds for ©_ and hence (3) holds for the given Q. Accordingly,

assume @ =Q,. For £ <m we may write (3) in the form

m-1

fﬂ ] n sin’ qu H sin /-1¢ n sin®*/~ 2¢ p“t= 1 dp dep
4)

S Km,k fﬂ [lul +|vu'] H /-l d) n Sma"’] 1 d) pa+ndpdq5.

j=1 I/e

For k> m>2 (3) has the form
m-1 k-1

f H sin’~! t;b H sin’~ ZQS Hsm +i=2 qS pa+"'ldpd¢
=k

(5) - ]
< Km,le J;; [I—ZL'* |VU|] rI] sin’~! qS]_ II_I’e sin®ti=1 ¢,‘ P41 dp d.
i= =
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By virtue of the restrictions placed on @, m, and k in the statement of the lemma,
(4) and (5) are both sDecxal cases of

Jg 1« n sin ’¢ I i ¢ p**"=ldpdg

]"’l

e
<K fa [%4- |Vuﬂ ]_III sin 7 ¢, p™*"dp dep

where 1 <i<n+1 and p;>0, p;>0 if j>i We prove (6) by backwards in-
duction on i. For i =n+ 1, (6) is obtained by applying Lemma 1.2.1 to u con-

6)

sidered as a function of p and then integrating the remaining variables with the
appropriate 'weights. Assume therefore that (6) has been proved for i = [ + 1 where
1<1<n If B, <7 we have

@ sin, <o, <K;sino) if0<¢l<Bl

Then by Lemma 1.2.1, and since |<9u/8¢> | < pH" _1,15in qS |Vu|, we have

B - -
[t sin” 6,9, S a,

n

B
®) < Kz fol [|ul + Ivulp H sin q_')]] ¢71d¢[

j=l+1

<K, f:l [u] + |Vulp H sin ¢] n'l &, db

j=l+l
If B,=n we obtain (8) by writing [{ = fg/z +f”/2 and using, in place of (7), the
inequalities

sin ¢, < ¢, < K sin ¢, if 0<¢,<m/2,
sm¢,<rr—¢,< K{smqﬁla if 77/2<¢ <.

We now have, using (8) and the induction hypothesis,

"

. -1
Jod T sin'a, TToia®™" 6, o7t dpag
j=1 7=l
< (% prn-1gp sin ’c;b do . sin Him qS dg, dq
f HI ,I[-Lf _[ u|s1n qSl P,

n "

<K, fn |V H: sin ' ¢ p®*"dp dgp
]-—

vk, [l Tl siar 6, T '™ 6, 0= dpa

j=1 ] 141

<Kf [' | |Vu|] IT sin ’¢ p™*"dp d.

j=1
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This completes the induction establishing (6) and hence the lemma.

We now state without proof a special case, suitable for our purposes, of a
well-known combinatorial lemma which is central to one of the standard proofs of
the Sobolev Imbedding Theorem. The proof of this lemma may be found in
Gagliardo [4, p. 117], or Clark [3].

1.3.2 Lemma. Let Q be a domain in E. .1 and let Q]., j=1,2, e, n+1,
be the projection of Q onto the n-dimensional coordinate hyperplane orthogonal
to the jth coordinate axis in E, . Let Fj(fl, ceey €n+l) be independent of the
coordinate tf,. and suppose F e L"(Q].). Then

ntl n n+l .
I [T i@l < I1 falej(é)l £,
where d€ = df, - df_\dE, | - dE .

1.3.3 Theorem. If p>1,1<k<n+1, and a>max(1 -k, p~n—1) then

1/7 1/
) {fn |u(x)|7[rk(x)]adx} <Q {fn [_l_'f%f + |Vu(x)|p] [rk(x)]adx} b

where y=(a+n+ Dp/la+rn+1-p).
Proof. Let 8 = (a+n)p/la+n+1-p), g=(a+n)/a, ¢ =(a+n)/n We
have, by Hélder’s inequality and Lemma 1.3.1 (case m = k),

fn Julx)] 7[rk(x)]a dx

1/
(10) < {fn|u|8r:‘ldx} q{fnIul(n+l)8/nrin+l)a/ndx}

<0, fy a1 9] dx}l/"{fn Julm D3m0

In order to estimate the second integral above we adopt the following notation:
p*= (¢19 ¢2’ A} qsn),
¢;‘=(p,¢l, ...,337,, @)y j=1,2,000m

where the symbol *™”’ denotes omission of a component. Set

Q, ={p": (p, p*) € Q for 0 < p <al,
Q =167 (p @) € for 0< ¢ <P},

1/q'

1/q'
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Q, and Q, are domains in E . We define functions F = F (p ) and F,
F (¢*) as follows

FO(P*)= F0(¢1’ "',(ﬁn)

s n n A 1/n
= { sup [lz|® p®*" [] sinaqSi IT sin*! qSi} s
0<p<a i=k i=2

-~

FN=Flpdpseesdeeerd)

n

= sup [|u|

sin®#m1 g Jpen=!
os¢j<l3].

i=2 —]+l

1-1 /n
H sin ¢» n sin®™! d) H sm"2¢}

Then we have
n n
1)8 1 . =
|u!("+ ) /"ri’“ )&/n p" 112 sin? lqsis Fo(p*) I‘Il F’(¢>:‘)
1= !:
Applying Lemma 1.3.2 we obtain
falul(n+l)3/nr2n+l)°/ndx

IN

N n
(11) ngo(P )/-r-ll F ($*)dp do

IN

o n
{ f% [F,(p™)" dgb ,Hﬂ fn,- [F (61" dp dc?)i}
Now by Lemma 1.2.3, and since |du/dp| < |Vu|

sup Jul® o7 <0, < 1P (14 9] p2rnp

0<p<a

whence it follows that
(12) f (F,(p"N"dep < 0 f |u|3-‘[| u |vu|]
g, © =<2 Jg

Similarly, by making use of inequalities (7) or (7') as in Lemma 1.3.1 we obtain
from Lemma 1.2.3

s -
sup |u|S sin™*/" ! (,’51~S 9, ifol |ll|8-l h”' +

0cp <.
J

6u . a+ -
(%] ! ¢'d¢

8.
SQs,jfo' |u|5"[| + |Vulp I] sm¢] sin™=1 ¢ dop.

i=j+1
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since lau/aoS | < plI7_, sin & . Hence

'[“f [F (¢D)"dpdd

a
1 -r r
(13 <Oy foVul > Friac s, [ lul® =2 ax

Tl
8- u
<0, fy 'I[[-'—' 9ul ] o,

where we have used Lemma 1.3.1 to obtain the last inequality. Substitution of
(12) and (13) into (11) and thence into (10) leads to

1/g+(n+1)/nq’
s-1] |«
fo |"|7’zd"5Q5 {fg|u| [_Ia—|+ Ivll|] r:dx}
v a (b=-1/p(_,_, |u|? @ 1/p) (@4n+1) /(2 4n)
< QS{{ fﬂ |u| " dx} {zp J;l [—;;—4- Ivu|p] rkdx .

Since (a+ n)/(a+n+1)=(p—1)/p=1/y the inequality (9) follows immediately.
Remarks. 1. If a=0 Theorem 1.3.3 is part of the Sobolev Imbedding Theorem
and as such is known to hold for domains 2 C E, .1 having the cone property.
(See §2.1.)
2. If 1 -k<a<p-n-1 then (9) holds for any y satisfying 1 <y <oe. It
is sufficient to prove this for large y. If y>(a+n+1)/(a+ n) then y =
(a+n+ 1)g/(a+n+1-gq) for some g satisfying 1 < g <p. Thus

{fn lu” 7 dx}Q/“/ <0 fn [l_’;l;+ |vu|q] 2 dx
<Q {f 2<p-q)/q[|u| |vu|p] } {fn Y }<p-q)/p

which yields (9) since the last factor on the right is bounded.

3. If a=m, a positive integer, then Theorem 1.3.3 can be proved very
simply as follows. Let y = (x, z) = (xl, X P Fp e ) denote a point
in E_,,,,, anddefine « *(y) = ulx) for x in the domain Q. If Q ={ye En+1+m:

= (x, z) x€Q,0< z;<r (x) 1 <j<m} then Q* has the cone property in
En+l+m’ whence, by Sobolev s theorem, putting y = (n+1+mp/ln+1+m=p)
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ey {f o) ol [E9 o] of
= Q{f9 [l”(")‘ |vu(x»|v] [r ()] dx}l/p

a

since |Vu*(y)| = |Vu(x)|, u™ being independent of z.

4. If max(1 -k, p-n-1)<a;, <a<a,<e then the constant Q in (9) can
be chosen so as to depend on @; and @, butnot on @. This can be seen by re-
viewing the effect of the constants in formulas (1) and (3) of $1.2 on the constant
Km,k of (3) above, and finally on Q. This.fact will be useful later.

Theorem 1.3.3 may be generalized in the direction of the corollary to Theorem
1.2.4 as follows.

1.3.4 Theorem. Let p>1,1<k<n+1, and 0<s <p. Suppose that a>
max(l -k +s—s/p, p—n-1). Then

1/’>’S 1/
(14) {fo |u(x)|ys[rk(x)]a'sdx} < Q*{Ia [l_u(_x;)_!_" + |Vu(x)lp] [rk(x)]adx} ’
a
where y_=(a+n+1-s)p/la+n+1-p).

The proof follows the same lines as that of Theorem 1.3.3 except that we take

8=(_a_+_n—s)p+s _la+n-shp+s ¢ la+n-shp+s

arn+l-p q_(a-s)p+(n+l)s, 7= nlp - s)

and replace a in the right-hand side of formula (10) by B8 = a—s + s/p. The de-
tails are left to the reader.

Of special interest is the case s = p, namely

49 f ]l 1P e < 07 [ [""‘)' ) 1?] U e

which holds for a> p — k and generalizes Theorem 1.2.2. If r:/" € Lp(Qw) where
Q_ =1p, d): 0<p<oo, (a/2, p) € U} then we obtain, letting @ — o in formula
(15),

(16) fnmlu(x)lp[rk(x)]a'pdx <o* faw Ivu(x)lp[rk(x)]adx
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for a> p —~ k, a generalization of Hardy’s inequality.
1.2.5 Example. Let p>1, 1 <k<n+1 and suppose that a>
max (1 - k+s—=(s/p)y p—n—-1) Let ulx) = p'l3 and suppose y' > Yo Itis
readily checked that
17) ) [U_p - ivu|P] 2 dx < o
"

only if B<(a+n+1-p)/p, and also that

(18) fnlulylrz's dx = oo

if B>(a+n+1-s)/y. Since (a+n+1-5)/y <(a+n+1-p)/p.itis pos-
sible to choose 3 so that (17) and (18) both hold. This example shows that the
exponent y_ in (14) (or y in (9))is the best possible.

1.4 The multi-dimensional case—boundedness and Hélder continuity. We now
turn to the case a> 0, a+n+ 1 - p <0. It is convenient to deal directly with
domains ) C En+l more general than those considered in §l.3. Q is said to
have the ‘‘cone property’’ if there exists a finite cone C (the intersection of an
open ball in E_ , centred at the origin, with a set of the form {Ax: A >0,

x €E_ s |x —y| <rl| where r>0 and y is a fixed point in E _, with [y|>7)
such that each point x on the boundary dQ of ) is the vertex of a finite cone
C, congruent to C and contained in . Also, {} has the “‘strong local Lipschitz
property’’ if each point x on the boundary d{} has a neighbourhood U such that
in some Cartesian coordinate system & with origin at x, Q& N U is represented
in U by the inequality &, <F({},-.., £ ) with F a Lipschitz continuous
function. If Q is bounded and has the strong local Lipschitz property then it
also has the cone property.

The main results of this section are Theorems 1.4.2 and 1.4.3 below. Both
are well known if a =0, the former being due to Sobolev and the latter to C. B.

Morrey. The following lemma will be required in the proof.

. 1.4.1 Lemma. If z € E, and Q is a domain of finite volume in E, and if
0<a<k then

@ fn |x — 2|~ %dx < K*(vol Q)l-(a/k)

where the constant K* = K*(a, k) is independent of z and ).

The proof of this lemma involves showing that the integral on the left side
of (1) does not exceed [glx - z|~%dx where B is the ball with centre z and

the same volume as {}. (1) is clearly true for Q = B. The details may be found

in Hellwig [7, p. 53].
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1.4.2 Theorem. Let Q be a domain with the cone property in E ;. Let 1<
k<n+1 andlet P be an (n - k + 1)-dimensional byperplane in E .1 Denote by
A(x) the distance from x to P. If a>0 and a+n+1—p<O0 then for all u € C1(Q)
we have

N V)
@ sup [u(x)] < K{ S 01?4 [0tV ) dx}
x€Q
where the constant K may depend on &, n, p, k and the dimensions of the cone

C determining the cone property for Q, but not on u.

Proof. Throughout this proof A and K, will denote various constants de-
pending on one or more of the parameters on which K is allowed to depend in 2).
It is sufficient to prove that if C is a finite cone contained in { and having

vertex at, say, the origin, then

1/
(3) |2(0)] < K{fc [aul)]? + |Vulx)|?] [r(x)]adx} ?

For 0<j<m+1 let A]. denote the supremum of the j-dimensional Lebesgue
measure of the projection of C onto E ., taken over all j-dimensional subspaces
.« . ] " 1 n
E, of E ;. VWriting x = (x', x") where x' = (x, +++, Xpoaop)and x =0 5 oeees
) we may assume, without loss of generality, that P is orthogonal to the

x

n+l
. . " .

coordinate axes corresponding to the components of x . Define

0={x" €E (x, x") € C for some x"EEk},

ntl= k
R(x') = {x" € E,: (x', ) € Cl, for each x' €0Q.
For 0 <t<1 we denote by C, the cone ftx: x € C so that C, € C with equality
if t=1. For C, we define the quantities 4, Q and R (x) analogously to
the similar quanunes defined above for C. Clearly At = t’A If x € C we have
ulx) = u(0) + fé(d/dt)u(tx) dt so that |u(0)] < |u(x)| + Ix| folvu(tx)l dt. Setting
V=vol C and a = S“Pxeclxl’ and integrating the above inequality over C, we
obtain

V]u(0)] < fC lu(x)| dx + a fC dx f(l) [Vulex)| dt

@
- f |u(x)|dx+af; =1 g fc, Valx)| dx.

Let z denote the projection of x onto P. Then r(x) = |x" — 2"|. Since a> 0 and
a+n+1-p<0 we have p> 1 and so by Lemma 1.4.1

-O/(P-l) _ ! " n _a/(p..l) "
fCt [(x)] dx = le dx th(x,)Ix - 2" dx

1-a/k(p=1) 5.1 _ 1-a/k(p-1)
<K th (4, dx = Kl[At,k] A mel=k

_ kg ml=o/p=-1)
= Kzz .
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It follows that

. y o
Jc |v“(")ldxf{fc IVu(x)l"[r(x)]“dx} p{fc [,(x)]-a/(p-ndx}“’ D/e
(5) ! t ¢
<yt {f !Vu(x)mr(x)]“dx}’/ ’

and so, since a+n+1<p

1
©  fyrrta Je, 1Vl d < K4{ J. lvu(x)lp[r(x)]adx} !

Similarly
. 1/ _
fc lul)] dx < {fc IU(")|p[r(x)]adx} p{fc [,(x)]-a/(p-l)dx}(p D/p

<K, { J. |u(x)lp[r(x)]adx} v

Inequality (3) now follows from (4), (6) and (7) and the proof is complete.

)]

1.4.3 Theorem. Suppose that all the conditions of Theorem 1.4.2 are satis-
fied, and that in addition §) is bounded and bas the strong local Lipschitz prop-
erty. Then for all u € CYQ) we have

eQ | x J,I‘ - {fn ,

where p=1—(a+n+1)/p satisfies 0 <pu<1 and K’ is independent of u.

Proof. By virtue of the previous theorem it is sufficient to prove (8) for suf-
ficiently small |x - y]|.

First assume that  is a cube, which we may also assume without loss of
generality to have unit side. For 0 <z <1 let Qz be a cube of side ¢t with faces
parallel to those of  and such that Qz C Q. In the same way we obtained (5)

above we can show that
1/p
“ f“z Vu(z)| dz < Kétn+l-(a+n+l)/p {J'n Ivu(z)lp[r(z)]adz}

Let x, y €Q, |x —y| = p <1. Then there exists a fixed cube Qp with ﬁpC Q
such that x, y €Q . If z €Q, ulx) = ulz) - f(l)(d/dt)u(x + f(z = x))dt so that

|dﬂ—u&”§p[éWﬂx+Kz—ﬂﬂﬂ.

Hence
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u(x)-- :+l j;l u(z)dz

P (2

< 1_ fn dz [\ (Vule + tlz - 2| de
p (4

Lt ,-n-t Vulz)|
_;_nfot dt Ia,p' ul2)| dz

1/
< Kept [ 1= ComeDlo g { f0|vu(z)|p[r(z)]adz} !

1/
< Kﬂ;"{fn |Vu(z)|p[r(z)]adz} ?

since a+n+ 1 <p. A similar inequality holds with x replaced by y and so

1/p
o) - ly)] < 2K |x = y]* { J,17uta) ”[r(z)]adZ}

We have thus proved (8) for a cube, and hence, via a nonsingular linear transforma-
tion, for a parallelepiped.

Now suppose {1 is bounded and has the strong local Lipschitz property. Then
there exists a finite open cover fUi} of Q and corresponding parallelepipe_ds
{ﬂi} each having one vertex at 0 such that x + 7, C Q for each x € u,n Q. Also,
there exist constants 8, and &, such that for any x, y € with |x - y| <&,
there exists U, such that x, y € U, and moreover there exists z € (x + ni)h
(y +7) with |x — 2| + |y — 2] <8 |x - y|. This last assertion is most easily seen
by supposing 7, is a cube and then applying a nonsingular linear transformation.
The required inequality (8) now follows for |x —y| <8, from the case where
is a parallelepiped.

Remarks. 1. If Q is bounded both of the above theorems hold also for the
case a<0, n+1<p. For instance, from Theorem 1.4.2 with a =0 we obtain

1/p
(10) sup |u(x)] < K{ [ Uul? + [Val)]?) dx} .
x€Q a2
Since a< 0 and r(x) is bounded in § we have [r(x)] > constant, whence (2)
follows from (10). A similar argument establishes (8).
2. If a is a positive integer both theorems follow from their well-known
special cases a =0 by simple arguments similar to that used in Remark 3 follow-

ing Theorem 1.3.3.
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PART II. IMBEDDING AND NONIMBEDDING THEOREMS FOR
SOBOLEV SPACES

2.1. The Sobolev Imbedding Theorem. Let ) be an open domain in E . The
Sobolev space W™?(Q) is, for m=1,2, ... and p > 1, the space of all (possibly
complex-valued) functions u in L?(Q) whose distributional partial derivatives of
orders up to and including m also belong to L?(Q). W™?(Q) is a Banach space
with respect to the norm
(1) lu:w™2(Q) = { ) |DSu: LP(Q)lP}l/P

Osls <m
where |u:L2(Q)| = {fﬂlu(x)lpdx}l/p is the norm in L?(Q). Here s = (Sl’ Syrtecs sn)
is an n-tuple of nonnegative integers; |s| = s, +--.+ s D= (9/0x,)°L...
(a/axn)s"; and dx =dx .-+ dx_ is the Lebesgue volume element in E . It is
well known (see [10]) that the space of all functions u in C™(Q) for which the
norm is finite is dense in W™ ?(Q).

The Sobolev Imbedding Theorem (Theorem 2.1.1 below) establishes the im-
beddings (continuous injections) of W™'?(Q) into various Lebesgue and con-
tinuous function spaces over {}. Required for the proof is some form of regularity
hypothesis on €. The most common, and weakest, of these hypotheses is that {}
should have the cone property. For certain imbeddings the slightly stronger
strong local Lipschitz property is required. (For definitions see the beginning of
§1.4.)

For j=0,1,2,... we denote by C(Q) the space of functions which, to-
gether with all their partial derivatives of orders up to and including j, are con-

tinuous and bounded on Q. C’(Q) is a Banach space with respect to the norm

[u:Cj(6)| = max sup |D%ulx)|.
OSlslsj x€Q
In addition, for 0 <v <1 we denote by C’"¥(Q) the subspace of C(Q) consist-
ing of those functions whose jth order partial derivatives satisfy in {} a Hélder

.. LY(O) .
condition of exponent v. C”"”(Q) is a Banach space with respect to the norm

|u: @) = |u: C(Q)] + max sup [D%ulx) - D ”(y)l.

Sl:j x,yfﬂ,xfy IX - ylv
We denote by A — B the imbedding (continuous injection) of the normed
linear space A into the normed linear space B; i.e. A — B signifies A CB

and |u:B| < const |u:A| for all u € A.

2.1.1 Theorem (The Sobolev Imbedding Theorem). Let Q have the cone
property. Then there exist imbeddings of the following types:
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(i) if mp<n and p < q<np/(n—mp) then W™P(Q) — LUQ);
(ii) if mp=n and p < q<oo then W™P(Q) — LUQ), if also p=1 then
w7 1@) — cO@);
(iii) if (m=)p>n for some j=0,1,2, -+ then W™P(Q) — c@).
If, in addition, Q) has the strong local Lipschitz property then case (iii) may
be refined as follows:
(iiia) if (m=j-Dp<n<(m-7p and 0<v <((m - )p —=n)/p then W™P(Q)
— Ci‘v(ﬁ);
(iiib) if (m=j—1)p=n and 0 <v <1 then W™P(Q) — C"¥(Q).

Remarks. 1. Parts (i), (ii) and (iii) are due essentially to S. L. Sobolev [12]
while the refinements (iiia) and (iiib) are due to C. B. Morrey [11]. For a definitive
presentation of the proof of this theorem, the reader is referred to Gagliardo [4]
or Clark [3]. Not included in our statement of the theorem are certain trace im-
beddings of W™ ?(Q) into LY spaces defined over lower dimensional manifolds
contained in . There are numerous generalizations of Theorem 2.1.1 (mostly
Russian) to various other spaces, often involving weighted norms or fractional
order derivatives. The theorem and its generalizations are useful in the study of
partial differential operators on (1.

2. In asserting the imbedding of W™ ?(Q) into a continuous function space
such as C(Q) or C7*¥(Q) it is understood that a function u € W™ () may re-
quire redefinition on a set of measure zero in order to belong to the continuous
function space. The elements of W™ ?(Q) are, strictly speaking, equivalence
classes of almost everywhere equal functions and existence of the imbedding in-
dicates that an element 2’ of the class « € W™ ?(Q) belongs to the continuous
function space in question.

3. It is obvious that if  has finite volume and 1 < g < p then W™?(Q) —
L%Q). It is shown in [1] that no imbedding of the above form is possible for any
g < p unless  has finite volume.

4. Examples can be given to show that the imbeddings of Theorem 2.1.1 are
“‘best possible’’ in the sense that no other range spaces of the same type as the
ones specified can be used in place of the ones specified. E.g. if mp <n and
q > np/(n — mp) then W™2(Q) - LUQ). In case (ii) however, a certain Orlicz
space can be shown to be the natural range of the imbedding (see Trudinger [13]).

Many interesting domains fail to have the cone property. Domains whose
boundaries consist entirely of (» — 1)-dimensional surfaces may so fail if the
boundary has cusps, or, even if smooth, if the domain is unbounded and narrow
at infinity. It is our purpose here to examine the possibility of establishing im-
beddings of the type considered in Theorem 2.1.1 for certain classes of domains

not having the cone property.
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$2.2 is concerned with unbounded domains which become narrow at infinity.
We show that generally no imbeddings of the desired type are possible.
§2.3 is concerned with classes of domains having cusps. We show that if these

[

cusps have ‘‘power sharpness’’ Theorem 2.1.1 survives but with weakened con-
clusions, establishing imbeddings of all three types for a large, though by no
means exhaustive, class of domains with such cusps. Our results sharpen and
generalize certain similar results obtained by I. Globenko ([5], [6]) by different
methods. Finally we show that no imbeddings of the desired types are possible if
the domain has cusps of ‘‘exponential sharpness’’, i.e. cusps sharper than any

power cusp.

2.2 Unbounded domains—a nonimbedding theorem. An unbounded domain
in E_ may have a smooth boundary and still fail to satisfy the cone condition if
it becomes narrow at infinity. For unbounded Q let Q, denote the set {x € Q:
N < |x| <N + 1}. The writer and John Fournier have shown in [1] that if there is

any imbedding of the form

1 W™ e(Q) — LUQ)

where g > p then either
(a) vol Q = o and l_i;N_m vol @, >0, or
(b) vol Q < e and limN_*wekNvol Q, =0 for any k.

Unbounded domains with the cone property fall under the alternative (a).
Example. The domain Q ={(x, y) € E,: x>0, 0<y < e~ %%} satisfies (b)
above. However, the function u(x, y) = e¥%/4 is easily seen to belong to W™ ?(Q)

for 1 < p <gq and any m, but not to LUQ).

This example leads us to speculate that there are no unbounded domains in
class (b) above for which (1) holds for some g > p. Such a result was proved
for connected Q and m = 1 by R. Andersson [2]. We prove it in general.

2.2.1 Theorem. If Q is unbounded and has finite volume there exist no im-

beddings of type (1) for any q > p.

Proof. The method of proof is suggested by the example given above. We
construct a function u(x) depending only on the distance of x from the origin,
whose growth is rapid enough to prevent membership in L% Q) but still slow
enough to allow membership in W™ ?(Q).

Let A(r) denote the surface area (Lebesgue (n — 1)-measure) of the inter-

section of (! with the spherical surface of radius r centred at the origin. Then
f: A(r) dr = vol Q < oo,

Without loss of generality we may assume that vol Q) = 1. We define numbers -
(n=0,1,2,-++) by
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f:o Alr) dr = Z'h =fr" A(r) dr

Tn=1

so that clearly r; =0 and 7 T = as n — 0. Let Ar =r  ,-r_ andfix € such

n+l
that 0 <e< (mp) 1 (mq)'1 There must exist an increasing sequence {n_}>

such that Ar > 27" for otherwise Ar <2 ~* for all but possibly fmltel; nlxany
n whence E o Or <o, a contradlcnon. For convenience we assume n; > 1 so
that n; > for all j. We denote a, = 0, 4= 'nj+l’ b’. = r"i (j =1,2,++.), and
note that a;_, b<a.anda-—b—Ar >277,
Let f be a flxed nonnegatlve mfmu:ely differentiable function on (= oce, ce)
with the properties
(i) 0<f1) <1 for all ¢,
(if) f(6)=0 if t<0; f(£) =1 if t>1,
(iii) /™) <M forall ¢t if 1<E<m.
For x in © let 7 = |x| and define a function u in C™(Q) as follows (taking
ny = 0)

ulx) = Zni’l/q

for a,_, Sr:b].

) =210 " 19, b)a~b)) for b <r<a,

Denoting 2 = {x €Q: a,_y <|x| <a;} we have
b. a.
Jo weoreas [ 7 o [ AutiParar
ﬂj a_1 b,.

n. P/q 0
<271
<2 {.

j=1

. b/ .
AP dr + 27 "f“r AG) dr
bj

-n. y(l=p/a) _=n.(1-p/q) -(i=-D(1=-p/q)
=%[2 ";-l Pq+2 i P/q]=2 j p/q.
Since p < g this forces fn|u(x)lpdx = 2°° lf |u(x)|? dx < o and so u € LP(Q).
To prove that u € W™P(Q) it is now suff1c1ent to show that d*u/dr* € L?(Q) for
1 <k <m. We have

k p a. |k |o
I -d— ulx) dx:f ! é_u A(r) dr
9| drk bildrk
nv/a A
/| gu— Y (A 4
[a’. - bl.]kp b;

—nj(l-p/q-fkﬂ)

= Y MP2 <YmP2-Ci
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where C =1 — p/q —ekp>0since € <1/mp - 1/mq. It follows that fn!dku/drklpdx

< oo. Finally, we note that

i a,
f |u(x)|qu>2n"lf T AW dr
Aﬂ’- - a]._1

-1

. -n. -n.-1
N R I S M M TN /1

whence fn|u(x)|qu = oo, Since u belongs to W™ ?(Q) but not to L¥Q) the theo-
rem is proved.

Remarks. 1. Following the discussion at the beginning of this section Theo-
rem 2.2.1 has the force of precluding the existence of imbeddings of type (1) for
any q > p whenever Q is unbounded and satisfies limy_, vol @, =0, a condi-
tion obviously much weaker than finite volume.

2. Since the counterexample function u constructed in the proof of the above
theorem is unbounded it serves also to show that there can be no imbedding of
W™ 2(Q) into CX(Q) for any j (if Q is unbounded and has finite volume.)

2.3 Domains with cusps. Let it be assumed from the outset that each domain
QcC E_ considered in this section has boundary 9Q consisting of (n — 1)-dimen-
sional surfaces, and that Q lies on only one side of d0. ( is said to have a cusp

at x, € 0Q if no finite cone of positive volume contained in {} can have vertex

0
at x,. The failure of a domain Q to have any cusps does not, of course, guarantee
that the domain has the cone property.

We begin by considering cusps of power sharpness.
2.3.1 Definition. For 1 <k<n-1 and A>1 we denote by Q, , the stand-
ard power cusp domain in E  specified by the inequalities:

2 2 2A
xl+~--+xk<xk+1,

1) x >0,---,xn>0,

k+l

[x§+---+xi]1/"+'xi+l+---+xfl<a2

where a is the radius of the ball of unit volume in E_. Clearly a <1. Qk,x has

axial plane spanned by the x, ;5 -+, x  coordinate axes, and vertical plane
spanned by x, ,s+cesx . If k=n -1 the origin is the only vertex point of
Q The outer boundary surface (as determined by (1)) is taken to be of this

kAT
form in order to simplify calculations later. It could be taken to be a sphere or

more general surface bounded away from the origin.
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Example. Let n = 3. 92,2 is the domain in E; specified in cylindrical

polar coordinates (r, 6, z) by

r<22, z>0, r+z2<[3/4rr]2/3-

It has a simple cusp at the origin. (; , is the domain in E; specified in

Cartesian coordinates by
le <y2, y>0, z>0, | %| +y2+zz< [3/417]2/3-

This domain has a one-dimensional cusp line along the z-axis.
Together with O, , we shall consider the associated standard cone Q ,
which is a domain of the type considered in §1.3. Qk 1 is specified in Cartesian

coordinates y;, --+,y, by

2 2 2
Y1t Y Vi,
yk+1 >0, ...,yn>o,

yf+ ---+yfl<a2.
It is convenient to adopt generalized “‘cylindrical’’ coordinates (rk, o
Pre1r Yiyr» "t 72 ¥,) in B sothat 1, >0, 7<) <m 0<yseenspy <7
and

yp =7, sin b sing, ---sind, ;5

Y, =71, C0s ¢, sind, «-- sin ¢k-1’
Q) Y3 =7,€08 ¢, ---sind, 5

Yp =7, C08 b,_1

In terms of these coordinates Qk ; is represented by
07 <Yeyr Vi1 > 0eeny, >0,
2 2 2 2
’k+>'k+1+"'+)’n<“ .

The standard cusp Qk A may be transformed into the associated cone Qk , by

means of the one-to-one transformation
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xy = r,); sin ¢, sin ¢, - --sinqﬁk_l,
xy=rhcos ¢ sin¢p, «+-sind, _,,

3) — A
Xp=rReos by
el = Va2
xn = yn’

which has Jacobian determinant |a(x1, ceey xn)/a(yl, A yn)l = )\rg" Dk,
2.3.2 Lemma. Let a*>0. If a*>p—n let 1 <y <(a*+ n)p/(a* + n - p);

otherwise let 1 <y <oo. There exists a constant K = K(n, p, o®) such that if

1<k<n-1and A>1 satisfy a=\ - 1Dk <o* then for all u € Cl(Qk R

1/y Y
(4) {j‘nk'A Iu(x)l’y dx} S K{j;lk,A ['u(x)lp + |Vu(x)|"]dx} 4

Proof. We first establish (4) for given k and A and then show that K can be
chosen to be independent of these parameters. Suppose o> p — n. It is sufficient
to prove (4) for y = (a*+ n)p/(a +n-p) For ueC (Qk A) define %(y) = ul(x)
where y is related to x by (2) and (3). Thus @’ € C (Qk l) and so by Theorem
1.3.3 and since y < (a+ n)p/(a+ n - p) we have

{fu Iu(x)lydx}l/y - {A J,

k, 1

1/y
la(y)|” [rk(y)] @ dy}
k,A
(5)

<K 1 + 17PN 172y
< 1{,[0“ luy)|? + V) ?1r, &y y}

Now x =r}ly if 1<j<k x =y, if k+1<j<n Since =y ety

we have

dy.

o . {81.];,’:‘1 FA =Dy i 1<i <k

5”. otherwise.
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Since 7,(y) <1 on @, ; it follows that |V(y)| € K,|Vulx)|. Hence (4) follows
from (5) in this case. For a* <p-n and any y the proof is similar, and uses the
second remark following Theorem 1.3.3.

In order to show that the constant K in (4) can be chosen to be independent
of k and A provided a= (A = 1)k < a* we note that it is sufficient to prove that
there is a constant | such that for any &k, A with 1 <k<n-1, a< a*, and all
vE Cl(Qk' )

o L

1/y 1/p
Y a ~ a
o r, &) dy} < 1{ Ja, (o) + [Vo(y)]211r,) dy}

In face it is sufficient to prove (6) with | depending on k as we can then maxi-
mize J(k) over the finitely many allowed values of k. We distinguish three cases.
Case 1. &* < p—n, 1 <y <eoo. By Theorem 1.4.2 we have for 0 < a<a”

1/p
™ sup 1) < J*@ { fo UIP & [T [,k<y>1ady}
€ 1
x Qk,l ,

Since the integral on the right increases as a decreases we have ]*(a) < ]*(OL*)
and (6) then follows from (7) and the boundedness of Qk 1

Case II. a*> p — n. Again it is enough to deal with y = (o* + n)p/(a*+ n— p
From Theorem 1.3.3

a l/‘l/ @ l/p
® { fok’llv(y)lv[rk(y)] dy} < ;l{ fnk,l[|v(y)|p+lvv(y)lp][rk(y)] dy}

where v = (a+ n)p/(a+n—p) >y and ], is independent of a for p—n < a; <
a< a®. (See Remark 4 following Theorem 1.3.3.) By Hélder’s inequality and since
rk(y) <1lin Q, | we have

( )y[ ( )]ad R ! ( )V[ ( )]a. I/V (V-'}’)/V'y
{fﬂk'l |U)/| TR\ )’} < {fnk,l lvy| rly dy} [VOIQk,l]

so that if o) < a<a” then (6) follows from (8).

If p—n<0 we can take a; =0 and be done. Otherwise p > 2> 2. Fixing
ao=(a*—'n+p)/2 we can find 0 <oy <p-n (or a; =0 if p = n) such that for
o, <a<a, we have

(o + n)a* + n)p < 0

1<g¢g
T (arma* )+ (aF-apT14e

1]

0

where ¢, > 0 depends only on a*, n and p. Because of the latter inequality we

may clearly also assume that ¢ — n < a,. Since (a+n)g/{a+n - q) =y we have,
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again by Theorem 1.3.3 and Hélder’s inequality,

a V7 i
{fok,l Iv(y)|7[rk(y)] a’)’} </, {fak,l [Iv(y)]q + IVU(y)|q] ['k(y)] dy}

1/q

©) - 1
satvmokay, { Ji, | 1001+ 261, 001y “Tvol, ,1t0=/oa

where |, is independent of o for a; <a<a,.

In case a; >0 we can obtain a similar (uniform) estimate for 0 < a < a; by
the method of Case I. Combining this with (8) and (9) proves (6) for this case.

Case L. a*=p—n, 1 <y <. Fix v > max(y, n/(n - 1)) and let ¢ =
(a+nlv/(a+n+v) sothat v=_(a+n)g/(a+n-gq) Then 1 <g<pv/(p+v)<p
for 0 <a< o*. Hence we can select @; >0 such that g —n<a; <p-n The
rest of the proof is similar to that of Case II. This completes the lemma.

The above lemma indicates that for domains with power-like cusps we should
expect some imbeddings of the form W™ ?(Q) — L4Q) (g > p). We generalize the

lemma as follows.

2.3.3 Theorem. Let ) be an open domain in E  baving the following prop-
erty: there exists a family I' of open subsets of Q) such that
1) Q= UgerGs

(i1) T has the finite intersection property, i.e. there exists a positive integer
N such that any N + 1 distinct sets in I" have empty intersection;

(iii) at most one G € I' has the cone property;

(iv) there exist positive constants a* > mp —n and A such that for any G € "
not having the cone property there exists a one-to-one function Y mapping G onto
a standard power cusp Qk,)\ where (X = 1)k = a< a* and such that for all i and j
(1<i, j<n)all x €G andall y €Q,

|0y /ox | <A, 100y~ 1)j/ayi| < A.
If p<y<(a*+n)p/(0* + n - mp) then

(10) wm2(Q) — L7(Q).

Proof. First note that it is sufficient to prove the theorem in the special case
m =1, for, assuming this done, we have for |s| <m-1, g = (a*+ n)p/(a*+ n—p),
and u € W™ 2(Q)

IDu: LUAQ)| < Ky |DSu: WHE(Q)] < K Ju: W™ P(Q)]

whence |u: W™~ 1:9(Q)] < Kslu:W’”'p(Q)L Since
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(@ +n)g &)y

Frn-(m-1qg o +n-mp

the case of general m follows by induction.

We assume now that m = 1. Let u € C}(Q) and let G €. If G has the cone
property then since p <y < (a® + n)p/(a* +n - p) <np/(n - p) we have by Theorem
2.1.1

lu: L7(G)| < K6|u : Wl’p(G)|-

If G does not have the cone property and ¥: G — Qk ) is as specified above,,

then by Lemma 2.3.2
u: L7(G)| < K7|u ol/l'l: Ly(Q-k'x”
< Kglu o™i wh2(@, | < Kolu:WHP(G))

where K, is independent of G € I". We have, therefore (noting that p/y < 1),

lu: LY(@)]? < { > fG Iu(x)l'ydx}p/y

Ger

/
< Z {_[G |u(:vc)|’ya!x}t7 ”

Ger

<Ky Ggl‘ f(; Uu()|? + |Valx)| Pl dx < KIONlu:WI’p(Q)lp

where we have used the finite intersection property of I' in the last inequality.
The imbedding (10) now follows by completion.

Remarks. 1. Imbeddings of the sort (10) for certain domains having cusps
were established by I. Globenko ([5], [6]) by a different technique. The limiting
exponent y = (@®+ n)p/(@* + n - mp) is not covered by Globenko’s method. See
also Maz'ya ([8], [9]).

2. If a* <mp - n then (10) holds for p <y < o.

3. If (and only if) Q bas finite volume (10) holds in addition for 1 <y < p.

4. The theorem is best possible in the sense that if A\ - 1)k =a>mp ~n
and y > (a+ n)p/(a+ n — mp) there exists a function « in W”'"’(Qk,x) but not in
Ly(Qk'A)- There are, of course, many domains having power-cusp-like singulari-
ties which, nevertheless, do not satisfy the conditions of Theorem 2.3.3. It is
possible to generalize the methods of this paper to cover some of these.

Example. Let Q = {x, %y, x3) €E;: x,>0, x% <x; < 3x§}. Setting a =

[3/4m]"3 we may readily verify that the transformation

yl=xl—2x§, Yy =%y y3=x3—k/a (=0,1,2,...)
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transforms a subdomain G, of Q onto the standard power cusp Ql,z in the man-
ner required of i in the statement of Theorem 2.3.3. Moreover {G kl:____oo has the
finite intersection property and covers {) up to a set with the cone property.
Hence W™ ?(Q) — L”(Q) for p <y <4p/(4 — mp) if mp <4, orfor p<y<eo if
mp > 4.

We now consider imbeddings into spaces of continuous functions.

2.3.4 Lemma. Let 0 < a* <mp - n. There exists a constant Q = Qln, p, a®)
such that if 1 <k<n-1 and A >1 satisfy a= (= 1)k < a* then for all
u€C™Q, x)

(11) sup |ulx)] < Qlu:W™P(Q, .
xeﬂk’x '

Proof. First suppose m=1. For u € CI(Q,e A) we have by Theorem 1.4.2
and via the method of the first part of the proof of Lemma 2.3.2

sup |alx)] = sup |ul(y)|
x€Qp \ yeR,

1/p
(12) <09, {fn [z())? + |Vuly)|?] [rk(y)]ady}
k,1

1/p
<0, { f% [u()]? + |Vulx)] ] dx}

Since rk(y) <1 for y €Q, | itis clear that Q; and hence Q, can be chosen
independent of k and A for a< a*.

For arbitrary m we have by Theorem 2.3.3 W”""(Q,c x) — Wl'y(Qk)) for
some y > &* + n (specifically y = (@* + /(@ + n = (m=1)p)> o* + n if
(m-1p-n< o*, or any y > a* + n otherwise). It then follows from (12) that

sup |ulx)] < Q3|u: Wl"y(Q,e x)l < Qlu: W”"p(Qk'x)l.
x€Q, ’

2.3.5 Theorem. Let Q be a domain in E_ with the following property: there
exist positive constants o < mp —n and A such that for each x €S there
exists an open set G with x € G C{) and a one-to-one mapping Y of G ontoa
standard power cusp @, , with A =1k = a< o* and such that, for |s| <m,
1<i, j<m, and forall x €G and y €Q, |

oy Jax | <A, DTN )] < A,
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Then

(13) wme(@Q) — c@).

More generally, if o <(m - j)p —n where 0<j<m-1 then

(14) Wme(Q) — (D).

Proof. It is sufficient to prove (13). If ¥ maps G C{ onto Qk ) We have
for u € C™(Q)

sup |u)] = sup |u o)
x€G yeﬂk A

< Q;I“ oy~ W”"P(Qk'}‘)l §Q4|u:W’"'p(G)|.

Since Q, is independent of G we obtain

(15) sup |u(x)] < Q, u: W™P(Q)].

x€Q
By completion (15) holds for all u € W™ ?(Q). For such u there exists a sequence
u, € C(Q) such that u, —u in W™ 2(Q). By (15) un(x) — u(x) uniformly almost
everywhere in Q, whence u € C(Q) after possible redefinition on a set of measure

zero.

2.3.6 Theorem. Let ) be a domain in E_ with the following property: there
exist positive constants a*, 8 and A such that for each pair of points x, y €€}
with |x — y| < 8 there exists an open set G with %, y € G CQ and a one-to-one
mapping Y of G onto some standard power cusp Q’k,)‘ with A = Dk = a< a” and
such that, for |s| <m, 0<i, j<n, and forall x €G and z GQk')‘ we have

low /ox | <A, DY (=) <A
Suppose that for some | with 0 <I1<m—1 we have (m—1-1)p< oFrn<
(m - Dp then W™P(Q) — CHHQ), 0<pu<Um-Dp-n-0a"/p. If (m-1-1)p=
o* +n then W™2(Q) — CHH(Q), 0<p<1.

The details of the proof are similar to those of Lemma 2.3.4 and Theorem
2.3.5. We omit them.

We conclude by showing that the entire imbedding Theorem 2.1.1 fails if {
has cusps sharper than any power cusp. (Let us call such cusps exponential
cusps.) Let B, = Br(xo) denote the ball of radius r about x, €E_; @ =B _NQ
and § (@) = (dB) N Q. Let Alr, @) be the surface area (Lebesgue (n — 1)-mea-
sure) of S'(Q). We shall say that Q has an exponential cusp at x, € oQ if for

every real number k& we have
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(16) lim A(r, Q)/7% = 0.
0+

2.3.7 Theorem. If Q is a domain in E_ having an exponential cusp at x €
0Q there can be no imbedding of W™ P(Q) into LUQ) for any q > p, or into ci@)
for any j.

Proof. We construct a function z € W™ ?(Q) which fails to belong to L)
(g >p) or C’(Q) because it becomes unbounded too rapidly near x,. We make use
of Theorem 2.2.1 in the construction.
Without loss of generality we assume x, = 0 so that 7 = |x|. Let Q* -
fy = x/|x|%: x €Q, |x| <1} It is easily seen that Q" is unbounded and has finite
volume, and that A(r, Q%) = /2"~ DA(1/7, Q). Let t satisfy p <t <gq. By Theorem
2.2.1 there exists a function o € C™(0, o) such that
(1) () =0if 0<r<1,
(i1) f‘;ol?/(j)(r)llA(r, Q") dr < o if i=0,1,+c0ym,
(i) [P0 AG, Q%) dr = e
(f 7= |y| then vly) = D) defines v € W™2(Q") bur v ¢ LUQ™).) Let x =
y/ly|? so that p = |x| = 1/|y| = 1/r. Set B =2n/q and define u(x) = Z(p) =
PG = |y|Bv(y). It follows for |s| = j <m that

j
IDSulx)| < |7 )| < 3 C,-jr'B““'z\f(')(r)
i=0

where c . depends only on 8. Now u(x) vanishes for |x| >1 and so

fn|u(x>|qu = [, 17 ()]G, ) dp
= f:o |5 9A(r, QF) dr = .

On the other hand, if 0 <|s|=j<m,

Io|Dsu(x)|pdx <f (’) ¥ D(p)|PAlp, Q) dp

a7 ; N

< const Y IT |?f(i)(r)lpr(ﬁ+’+')p’Z"A(r, Q%) dr.
i=0

If it happens that (B8 + 2m)p < 2n then, since p <t and vol Q* < o, we have by
Hélder’s inequality that all the integrals in (17) are finite and u € W™ 2(Q) com-

pleting the proof. Otherwise let
k=B +2mp - 2nlle/(t - p)] + 2n.

By (16) there exists a <1 such that if p < a then Alp, Q) < pk. It follows that
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if 7> 1/a then r#~ 274G, Q%) < *=2pk — 1=2 Thus

:" ABi+ido= 2"|2}’(’.)(r)|"A(r, Q) dr

- I:" l;}»(i)(rnpr(k-2n)(z-p)/tA(,’ Q" ar

0o s /t( oo (t=p)/
AfT rO0tae, @t {7 A2 anark

whence u € W™ ?(Q) and the proof is complete.
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